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Chapter 10 
FACTORS^ AND EXPONENTS 



The important ideas throughout ^^-is chapter are those of . 

factors and factoring, and it is these ideas which. we must put on 

a .firm mathematical foiondation. The traditional treatment of these 
ideas has tended to be one of symbol pushing with technique as its 
primary objective. It is our aim to make understanding the primary 
objective. Without understanding , a great deal of confusion is 
boxmd to occur. For example, if a student were to ask why • tt is 

not a factor of 6 (since tt X ^ = 6, and ^ is a perfectly good 

number), or if he should ask why + 1 is not a factor of x 



answer within the framework of what is usually taught. Don't be 

silly you can see they don't come out «evenM" is probably as 

satisfactory a reply as he could find. 

In this chapter we shall be concerned with the algebraic 
structures which are behind our usual ideas of factoring. We 
shall be concerned mainly with the set of all positive integers 
which are, as we recall, closed tonder both addition and multipli- 
cation. It is, in fact, possible to think of Ihe positive integers 
as "generated" from Just."l" under addition to "obtain" any posi- , 
tive integer. This idea, which is rather simple for Integers, will 
be of considerable help when we study polynomials. The basic ides, 
is the definition of a proper factor. ' An integer is said to be 
factorable if it has a proper factor and is prime if it does not 
have a proper factor. 

It is very important to keep in- mind that these ideas of / 

factors and factoring depend on the set over which we do the fac- • 

. toring. Over the set of positive integers, 4 is a factor of 12. 
'If we permitted all integers, and h would both be factors ^ 

of 12. If we factor over the rational nixmbers, then -^^ is a 




. (x^ + 1) = 



x) , he would be unable to find an 
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factor of 12, as well* If we factor over the real niimbers, any 
nvimber is a factor of 12, and the idea has become meaningless. 
When we speak of factoring a positive integer, we shall always 
mean over, the set of positive integers, unless another set is 
specified, since the information about factors of integers of 
interest to us in this chapter can be obtained from the positive 
integers.. 

The theorems we prove about factors will be stated in such a 
way that they immediately generalize to polynomials, for this is 
where we shall want them all again. 

Students who have studied the SMSG 7th Grade course will have 
a good' start in the ideas of factors, prime numbers and least 
common multiples. They may need to spend less time on these topics 
than other students would need. 

10-1. Factors and Divisibility 

The point of the story of the farmer with eleven cows is that 
the niimber 12 has a property which 11 does not, namely: 12 
has factors other than one and itself. Specifically, 12 can be 
divided exactly by 2, 4, and 6» Eleven cannot be divided exactly 
by these nvimbers. The reason the stranger got his cow back was 

that 'I + ■5- + "5 equals -ji . 

The fact that any positive integer has itself and 1 as 
factors follows from the property of 1: a*l = a. But some posi- 
tive integers have factors other than 1 and itself. We call this 
kind of a factor a proper factor. Observe the similarity of the 
factor-proper factor. relation to the subset-proper subset relation. 
"Proper" is a word people use to indicate the really interesting 
cases of a particular concept. Think, for a moment, of what we 
mean by "proper fraction"* 

After the definition of proper factor, the question is asked, 
"Does it follow from this definition that m also can equal 
neither 1 nor n?" If m is a proper factor of n we mean that 

[pages 2^7-2^8] 
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there is a positive integer q (q ?^ 1, q 3^ n) such that mq = n. 

Then another name for » q is ^ . If m = 1, then q = ^ = j = n. 

This is a contradiction. If m = n, then q = ^ = = 1. This is 
a contradiction. 

Problems 1-15 of Problem Set lO-la are meant to reinforce . the. 
idea that if m is a factor of n, then is a factor of n. 
Students may make some decisions on the basis of divisibility rules 
for example, 5 is not a factor of 2k since any number' divisible 
by 5 would be named by a niomeral which ends in 5 or 0. ■ In' 
problems I6 to 35 we want the student to recall his knowledge of 
divisibility of nvmibers in order to recognize proper factors of a 
niimber* These problems lead into a discussion of rules of divisi- 
bility based on the numeral representing the niimber. 



Answers to Problem Set lO-la ; pages 2^9-250: 



1. 


Yes. 


2 X 12 = 2h. 












2. 


Yes. 


3x8=. 2k. 












3. 


No. 


There is no Integer 


q 


such 


that 


5* 


q = 


h. 


Yes.' 


6x4= 2h. 












5. 


No. 


There is no Integer 


q 


such 


that 


9- 


q = 


6. 


No. 


There is no Integer 


q 


such 


that 


13- 


q = 


7. 


Yes. 


12 X 2 = 2k. 












8. 


Yes. 


2h X 1 = 2h. 












9. 


Yes. 


13 X 7 = 91. 












10. 


Yes. 


30 X 17 = 510. 












11. 


Yes. 


12 X 17 = 20l^. 












12. 


-Yes. 


10 X 10,000 = 100,000. 










13. 


Yes. 


3 X 3367 = 10,101. 




* 








14. 


Yes. 


6 X 3367 = 20,202. 












15. 


Yes. 


12 X 3367 = Ilo,l^ol^. 













[page 2^9] 
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The students should note that the answers for Problems 
ik and 15 follow directly from Problem 13. The form of the 
answers may suggest how the associative property facilitates 
the work: 

a»b = ab 

(2a)b = 2ab : " 

(l^a)b = kah 



85 
51 
52 
29 
93 
92 

37 
9h 

55 
61 
23 
123 
57 
65 
122 
68 
95 
129 
l4l 
101 



5; 
3; 
2; 

3; 
2; 

2; 
5; 



3; 
3; 
5; 
2; 
2; 
5; 
3; 
3i 



5 X 17 = 85 
3 X 17 = 51 

2 X 26 = 52 . h; 
not factorable 

3 X 31 = 93 

2 X 46 = 92 . h; 
not factorable 

2 X 47 = 94 
5 X 11 = 55 
not factorable 
not factorable 

3 X 41 = 123 



3 X 19 
5 X 13 
2 X 6l 

2 X 34 

5 X 19 

3 X 43 
3 X 47 



57 

65 

122 

68 . 

95 

129 

l4i 



4 X 13 = 52 



4 X 23 = 92 



4; 4 X 17 = 68 



not factorable 



[page 250] 
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We would expect that students know the rules of divisibility 
for 2, 5, and 10, but the teacher should make certain that every 
student does. The following discussion is for the teacher's infor- 
mation. We hope that the teacher will not Just la'- '^^^t tb rules 
but will aid the student to discover as much r r himself. 

Any integer can be represented in the fc + aere t 

is a non-negative integer and u is an integex ^. aet 
(0, 1, 2, 3, 9)- example, 

36 = 3(lO) + 6, 
178 = 17(10) + 8, 
156237 = 15623(10) + 7. 
The advantage of this form is that we can learn what rules of 
divisibility can be based on the last digit of the numeral. For 
example, 178 = I7(l0) + 8. Two is a factor of 10 and therefore 
also a factor of any multiple of 10, including 17 (lO). In 
other words, the 17 doesn't matter since 2 is a factor of 10. 
Thus, whether or not 1(8 is divisible by 2 depends only on the 
last digit, 8. Since 2 is a factor of 8, 2 is a factor of 
lYtt. 

Stating the previous argument more generally, we can say that, 
since 2 is a factor of 10, 2 is a factor of lOt. Thus 2 
is a factor of lOt + u, if and only if 2 is a factor of u, the 
last digit. Notice that when u = 0, we use the fact that 2 Is' 
a factor of 0. 

In an analogous manner, since 5 and 10 are factors of 
lOt, each is a factor of lOt + u if and only if each is a 
.factor of u. On the other hand, 3, 4, 7, H, and 13 are not 
factors of lOt for every t. Thus rules for divisibility by 
these momberB cannot be based on only the last digit of the numeral. 

We can extend this argument to numerals written in any other 
number base. Take the duodecimal notation, for example. Every 
nvimber can be written in the form 12t + u where t ,is a non- 
negative integer and 0 < u < 11. Each of the numbers 2, 3, ^ 
and 6 is a factor of" 12"^; thus rules of divisibility for these 
numbers are based on the last digit of the numeral. That is, 
any number written as a base 12 numeral is divisible by 2, 3, 

[page 250] 
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6 or 12 if the last digit is divisible by 2, 3, h, 6 or 12, 
respectively* 

Returning to base 10 notation, let us examine the last two 
digits of any numeral. In general we could write any number 
(lOO)h + d where h is a non-negative integer and d is an 
integer such that 0 ^ d ^ 99, Any number which is fsLctor* of 
100 will be a factor of lOOh. Therefore, any number whlui. xs 
a if actor of 100 will be a factor of (lOO)h + d if and nly if 

it is a factor of d, the last two digits. Since the prime factor- 

' 2 2 

ization of 100 is 2 •5 , any number made up of at most two 2's 
and two 5»s will be a factor of 100. Such numbers are 2, k, 5, 
10, 20, 25, 50, and 100. But 2, 5, 10, 20, and 50' are more 
easily checked by a single or double application of the last digit 
rules, so this leaves h and 25* Thus, a number is divisible by 
h or 25 if and only if the number denoted by the last two digits 
in its decimal notation is divisible by k or 25. 

Another interesting test is based on the sum of the digits of 
a numeral. If the digits of a four digit decimal numeral are 
a, b, c, d, the number is . 

1000a + 100b + 10c + d = 999a + a + 99b +b+9c+c+d 

= (999a + 99b + 9c) + (a + b + c + d)' 
=5 (llla + lib + c) 9 + (a + b + c + d) 
A decimal numeral with any number of digits may be treated 
similarly. 

Since 3 is a factor of 9, 3 is a factor of 
(llla + lib + c) 9» Hence, if 3 is a factor of (a + b + c + d). 
It is a factor of the original number (Theorem 10-5b). Further- 
more, if 3 is not a factor of (a + b + c + d), then 3 is not 
a factor of the original number, as can be proved by assuming . 3 
Is a factor of the original ntunber and using Theorem 10-5d to lead 
to a contradiction. 

We conclude, then, that divisibility by 3 can be tested by 
determining whether 3 is a factor of the sum of the digits of the 
decimal numeral. 

We notice, incidentally, that 9 has a similar test for 

[page 250] 
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divisibility. A number is divisible by 9 if and only if the 
sum of the digits of its decimal numeral is divisible by S. 

When finding the prime factorization of numbers in later 
sections, one finds the factors 2, 3, 5, 7, •primes* , in 
that order. The student should, therefore, know divisibility miles 
for 2, 3, and 5, at least. The rules for 4, 9 and 25 are also 
helpful in other situations. There is no simple rule for divisi- 
bility by 7. 

Answers to Problem Set 10-lb; page 251: 

1. The numerals 28, 128, 228, 528, 3028 all have 28 as the 
last two digits. Four is a Tact or of 28 and each of the 
other numbers. None of the numbers 6, 106, 306, 8o6, or 
2006 is divisible by four. None of the numbers l8, llB, or 
5618 is divisible by four; but both 72 and 572 are divis- 
ible by ^. The rule is: If the number represented by the 
last two digits of the numeral is divisible by ^, then the 
number is divisible by ^. 

2. The numerals 27, 207, 2007, 72, 702, and 270 are various 
arrangements of the numerals 2, 0, and !• The numbers they 
represent are all divisible by 3. The sum of 2 and 7 is 
divisible by 3. 

On the other hand, 16, 106, 601, 61, and IOO6 are not 
divisible by 3. Neither is the sum of 1 and 6 divisible 
by 3. The numbers 36, 306, 351, 315, and 513 are divisible 
by 3, and so is the sum of 3 and 6. Notice the digits 1 
and 5 replace the digit 6 to suggest that it is the sum of 
the digits which is important. The numbers 5129 and 32122 
are not divisible by 3. 

The first phrase, (222 + 33 + 5) 9 Is divisible by 3, 
since 3 is a factor of 9. The second phrase, (2 + 3 + 5+8), 
is the sum of the digits of the original number. If both of 
of these phrases are divisible by 3, then their sum is 

15 

[page 251] 



divisible by _ 3^:. (This is later shovm in Theorem 10~5b). This 
is the cas'? for the number 2358. 

For any whole niimber the first phrase is always divisible 
by 3, since it always contains a factor of 9* Thus the 
qiiestion of the divisibility of the number rests upon the divis- 
ibility of the second phrase. Hence the rule can be stated: 
If the sum of the digits of the number is divisible by 3, the 
number itself is divisible by 3f 

A number divisible by ^ ' * di^ oible by 3, since the [presence 

/ a factor of 9 i^. uUei v^oureg factors of 3. On the 

other hand, the presence of a factor of 3 is no assurance of 
a factor of 9. An example of such a number which is divisible 
by 3 but not by 9 is 12. 

A number is divisible by six if it is divisible by 2 and 3. 
A number is divisible by 2 and 3 if the last digit of the 
numeral is even and the sum of the digits of the numeral is 
divisible by 3. Example: 156816. The sum of the digits is 
27* Twenty-seven is divisible by 3. The last digit 6 1^ 
even. Therefore, 6 is a factor of I56816. 

(a) 3 is a factor of 101,001. The- test for divisibility 7 
3 is usee?, 

(b) 3 is not a factor of 37,199* The test for divisibility 
by 3 is used. 

(c) 6' is not a factor of 151,821. The test for divisibiljity 
by 2 is used, 

(d) 15 is a factor of 91,215. The tests for divisibility by 
3 and 5 .are used. 

(e) 12 is a factor of 187,326,6^18. The tests for divisibil- 
ity by 3 and k are used. 

16 



[page 251] 
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10-2 • Prime Niimbers 

We have a long range objective in the discussion of Section 

o 

10-2. Students often get the impression that x - 2 cannot be 
factored when in fact a pair of its factors is (x -V2)(x +V2). 
We wish, therefore, to emphasize the set of numbers over which 
numbers are factored. If we consider x^ - 2 to be a polynomial 
whose variables have integer coefficients, then x - 2 cannot be 
factored into polynomials of this same type. But if we consider 
the variables in the factors of - 2 to have real coefficients, 
then x^ - 2 can be factored into polynomials . of this type. For 
this reason we wish to spell out whav kind of factors we want, not 
only in this chapter but in later chapters. 

In, this chapter we want the factors of positive integers to 
be positive integers. If we admit the negative integers as factors, 
we get the opposites of the positive factors. This adds little to 
our knowledge of factors or f aatorability. 

Answers to Problem Set 10-2a ; pa^as 252-253; 

1. The "answer" is really g^ven ^-^^ page 253. The first number 
crossed out when crossira^ :xrir all numbers having n as a 
common factor is n^. Ta^ P for example. The multiples 
of 5 are 2*5, 3-5, *^5^, 0*5, 6*5, . 

T22S multiples 2«5 aricS ^^5 are already crossed out 
because- each has 2 as a pr^Jier factor. The multiple 3-5 
is already crossed out .-r^'-^raw^ It has 3 as a proper factor. 

Thus the first multiple Uo cross out when crossing out 5's 
2 

is 5*5 or 5 • 

To further explain v-^iy ^here are no numbers less- ^Uian 
or equal to 100 to crc^s^ m-. when crossing out 11^ s, list 
the multiples of 11 a::^-^ 

2.11, 3-11, i^-11, 5-11, ^-r, -^-11, 8.11, 9-11, 10-11, -JL-ll. 
Then go through the cros^in^wout process again to show -zhat 
the first. number to cross out vould have to be 11-11. 

[pa^s 252-25^] 



A general argument is given in the next paragraph in 
case you have a student or two who would like to study it. 

VJhat we see in the sieve is that the first number which 

is crossed out because it is a multiple of the prime p is 

2 2 
p . If a positive integer less than p is not a prime, it 

must have a prime factor less than^ p; so it will have already 

been crossed out» Thus for example, the first number crossed 

out because of 11 would be 121; any number less than 121 

which is not a prime must have 2, 3, 5, or 7 as a factor. 

To see this, let n be^'a positive integer which is less than 
2 

p and which is not a prime, (i.e., has proper factors). In 
symbols, 

n < p^ 
and ab = n, 

when both a and b are proper factors of n. But then 

ab < p^. 
If it were true that both 

a ^ p 
ax}d b ^ p, 

then ab ^ p^, which is a contradiction. Therefore, at 
least one of the proper factors a and b of n must be less 
than p. But then the smallest prime factor of n is also 
less than p, and would have been used to cross n off in the 
course of the sieve. 

Since the set of positive integers is infinite we cannot 
find all the prime numbers by the Sieve of Eratosthenes. It is 
possible to find all the prime ntmibers less than some given 
positive integer, however, using this method. The next prime 
after 97 is 101. 



18 
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Answers to Problem Set 10-2b ; page 25^: 

1. The largest prime number less than 100 is 97. 
The largest prime number less than 200 is 199- 
The largest prime number less than 300 xs 293. 

2. The largest prime proper factor of numbers less than 100 is 47. 
The largest prime proper factor of numbers less than 200 is 97. 
The largest prime proper factor of numbers less than 300 is ik^m 

3. The largest number needed to cross out non-prime numbers less 
than 200 is 13. 

The largest number needed to cross out non-prime numbers less 
than 300 is 17. 

10-3. Prime Factorization 

We are studying the prime factorization of integers in this 
section. It is essential that the student learns to find the prime 
factors of any ir 3ger because we use this idea for reducing frac- 
tions, finding the lowest common denominator of fractions, and 
simplifying radicals. The Sieve of Eratosthenes provides a very 
natural way to obtain prime factors. 

Mention of prime numbers and \anique factorization is found in 
Studies in Mathematics , Volume III, pages h.3 - 4.5- 

We would expect Problem Set 10-3a to be worked in class. 



Answers to Problem Set 10-3a ; page 255: 

1. 84: 2, ^ = h2; 2, ^ = 21; 3, = 7; 7 is prime. 
84 = 2 X 2 X 3 X 7. 

16: 2, ^ = 8; 2, I = 4; 2, | = 2. 

16 = 2 X 2 X 2 X 2, 

37 is prime. 

48 = 2 X 2 X 2 > 2X3. 

50 = 2 X 5 X 5- 19 

18 = 2 X 3 X 3*^ 
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96 = 2X2X2X2X2X3. 
99 = 3 X 3 X 11. 
78 = 2 X 3 X 13. 

47 is prime. ' 
12 « 2 X 2 X 3. 

2- (a) 28 ^ (c) 77 (e) ^9 

(b) 30 (d) 54 (f) 3^ 

Page 257 * Exercises 10-3b are for the purpose of practicing 
f induing the prime decompositions of integers. If the student can 
write these without using the method developed here so much the 
better. There is iio particular reason vrtiy he must begin with the 
smallest prime and then use successively larger primes, but this 
procedure is systematic. The advantages of the method should be 
emphasized, but the teacher should not Insist on its use. If stu- 
dents use exponents to express their answers, so much the better; 
but if Jthe students do not demand exponents the teacher should 
avoid them at this point. The long expressions obtained become 
motivation for exponents in a later section. 

Assuming that practically all students will use the systematic 
approach to prime factorization, be sure of the f ollowir 

1. The student should use rules of divisibility for at least 
2, 3, and 5. 

2. The student should know where he can stop. 

2 1+0+1 is not divisible by 3 

101 101 is not divisible by 5 



101 ^ 



Example: 202 
101 
1 

After trying to divide by 7, you are through, since 101 is 
less than 121, which is the first multiple of 11 not already 
crossed out. 



[images 255-257] 
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Answers to Exercises 10-3b ; page 257 5 
1. The smallest prime factor of 115 is 5, since 
even and 1+1+5 is not divisible by 3. 



115 is not 



135: not even, 1 + 3 + 5 = 9; 3 is the P"'allest prime. 
321: not even, 3+2+1=6; 3 Is the smallest prime. 
'!8ii: 2 is the smallest prime, since 2 is a factor of 4. 
539: not even, 5+3+9 not divisible by 3, last digit 
not^ 5 or 0; 

= 77; hence divisible by T- 
1^3: 2, 3, 5, 7 fail; 11 is a factor of l43. 



2. 



q3 



2 
7 
7 



98 = 2x7x7. 



432 
216 
108 
54 
27 
9 
3 
1 



432 = 2x2x2x2x3x3x3. 



2 
3 
43 



does not work since unit digit is not 

,2 



We need not try 7 since 7 =49. 



5 or 0. 
258 = 2x3x43. 



258 
.129 
43 
1 

625 = 5x5x5x5. 
180 = 2x2x3x3x5. 
1024 = 2X2X2X2X2X2X2X2X2X2. 

378 = 2x3x3x3x7. 
729 = 3x3x3x3x3x3. 

Avoid the use of exponents unless the students are 
clamoring for them. We shall use the desire to shorten the 
writing of factors as motivation for exponents in a later 
section. 
825 = 3x5x5x11. 
576 = 2X2X2X2X2X2X3X3. 
1098 = 2x3x3x61. 

After dividing out the 3's, 5 is rejected by divisibil- 
ity rule and 7 is rejected by trial. Then 61 is prime 
because 61 < 121, the first number for which 11 need be tried. 

[page 257] 
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3375 « 3x3x3x5x5x5* 
37^0 = 2x2x5x11x17 • 

1311 = 3x19x23. (Since 437 is in the neighborhood of (20)^, 
we should try all primes up to and including 19. ) 
5922 « 2x3x3><rx47 
1008 « 2x2x2x2x3x3x7 • 
5005 = 5x7x11x13. 

444 « 2x2x3x37/ 
5159 « 7x11x67; 67 must be prime since we have eliminated 
aJ.1 prime factors less than 11 and- 67 < 121. 
1455 « 3x5x97; 7 fails and 97 < 121. . 
2324 « 2x2x7x83; 7 fails and 83 < 121. 

The proof of this "unique factorization" theorem is far 
beyond anything which the students can understand at the present 
time. An aid in convincing the student, perhaps, would be to 
begin with a number like 72, and factor it in various ways: 
24 X 3, 9x8, 2x2x3x2x3, 6 X 12, and then to 
factor 24 X 3 and 9x8 and 6 x 12 further \intil only 
prime factors remained. You will get the same three 2«s and 
two 3«s no matter how you do it (not always in the same order, 
of course, but the associative and commutative properties let 
you put them in any order). The fact is that 72 is "made up" 
of three 2's and two 3's, and this stxnacture remains no 
matter how you begin and carry out your factoring of 72. If 
you are interested, a formal proof, of the uriique factorization 
property of the positive integers may be f o\ind in Courant and 
Bobbins, What is Mathematics , Oxford, 194l, page 23. 

10-4. Adding and Subtracting Fractions 

We wish to apply the prime factorisratlon of integers to the 
problem of finding the least common multiple of the denominators. 
We do not want bl\nd adherence to the method developed, however, 
but we do want to give the student a systematic way of approaching 
the problem. For example, if the student were asked to add the 

[pages 258-260] 
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fractions + the least common denominator can be quickly 

determined by inspection, and the student should do it this way. 

If, however, he is asked to add + , it may not be easy to 

determine the least common denominator by inspection. But by 
prime factorization 

57 = 3*19, 
95 « 5*19, 

and the least aommon denominator is 5*3»19« 

It is goad technique, both here and in later work on factoring, 
to leave expressions in factored form as 3,ong as possible, for 
these factors indicate structure of the expression, which structure 
is otherwise forgotten. In the example on page 259, once the frac- 
tions had a common denominator, the numerators were, of course, 
multiplied out and combined; but, as you saw, it was to our advan- 
tage to leave the denominator in factored form until the very end. 
Then we know that the fraction cannot be simplified unless the 
numerator has as a factor one of the factors of the denominator. 

Answers to Problem Set 10-4; pages 260-26l: 

21 2 1 25 13 13 
1. (a) 9 +T5=3"^-^'^ = ^T-^"^*3=Tr5 

, ^ 3 h 3 4 35. 42 7 1 

, , 1 k 1 . 4 1 13 ^ 4 .2«3 11 

-.13 1 3 1 3 ^ 3 5 18 6 

Notice that after you have added numerators, you need 
only check I8 for divisibility by 3, 5, and 17. 

23 
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ff'\ 20 7 -20 7 -100 - 21 _ -121 _ 121 

"57 " 95 " " "5^ " 3'5'19 - 3.5*19 ~ "2^ * 

Notice that 121 = 11^ and 11 is not a factor of 

the denominator, so the fraction cannot be reduced. 

f \ 5 3 5 3 65 - 9 56 8 
^ - 9l " " = •"3".7-13 = "5:7^ '- "39 • 

The fraction 3 - . -an be reduced only if 3, 7, 

or 13 are factors of 56. - . - . . 

(v.\ 3x ^ 5x 3x , 5x 27x + lOx 37x 

"H" + " 2' ' 2'^ + 2- ' S«5'3 = ^'2'2>3'3 " 7^ ' 

/ 4 \ 13 2 1 ' 3 • 2' ' 30 + 27 - 8 _ 

"5 + "20 " "TH = + r?^:^ " "5^^ '2*^*3i3«5 " W • 

3k ^ 2k k 3k , 2k k _ 

To 25 *• 3^ = + 2.2.2.7 



^ Biy-fOK^ ^ ^ . (99 i3^not divisible by 2, 5, 
/■ \ 3a . 7a 5a 3a ^ 7a ^a 



3V3^ 



■'^^^^>>'^6^!i'^d ; ^^^^ = -^Sl . (967 is not divisible by 



805x - 6 
. b40 



, V 8 ^ 13 8 13 , . _ - _ True 

2. (a) -3-^ < , < '2.2.2.3 * 2.2.2.3*5 ^ 2.2.2*3*5 * 

Cb) < ^ , < -^J False (not necessary to factor here). 
/ \ Ih ^ S Ik ^ 6 2.7 . 2'3 2.2 p -, 

3. (a) . 

113 2 1 

^ < ^ , because 7 > 6 (if a > b , and a > 0 and 
b > 0 , then I < I . ) 



21 
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h 7 
thus, X5 > 



(c) > -r^ , because > (if a > b , and a > 0 and 



ii fr,\ 6^5 5^,_5_. +.v,„„ 6.5 (transitive prop- 
{a.) > 27 * > ' "27 > 25 * erty of order) 



(c) 



5 

7 

6 2*3 



TE ~ 2»2»2*2 ~ 2«2»2 ' 

Q _ 3*3 3_ 

2^ ~ 3v2«2«2 ~ 2»2«2 * 

Thus, •]^- = r 



rH^ 5 26 _ 130 

{a) "2 + -5 = • 2^ - 12«13 ' 

11 1 143 - 12 _ 131 
. 12 " 13 ~ 12*13 ~ 12 '13 > 

Thus, (1 + I) < (tI - 13) • 

5. There Is no algebraic approach. What we want is a number 
which has the largest possible proper factor. By Inspection 
we decide 2 x ^7 = 9^ will do, because the next larger prime 
Is 53, and 2 x 53 Is too large. 

Thus, John and Bob could ask for 9^ + ^7 1^1 cents. 

6. 97 plus Its largest prime factor 97 Is 19^ cents. 

7. '^•600 = 200; therefore, 200 + of anything Is better. 

200 + -5^ (700) ? ^(700) , 

200 +120 , 200 + -igS , 

200 +:^ > 200 

Thus, $200 + of sales Is better. 

[pages 260-261] 
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200 ? ^ , 

200 ? 200 +itoo^ 

onn ^ 1000 ^ onn ^ l600 
200 + - < 200 + ' , 

Thus, -| of sales is better. 
If his sales amount to s dollairs, then 
200 -l^ •^s =r -jS ' 

2^00 + s = 4s ; 
2^00 = 3s 
800 = s 

His sales must be $800« 

10-5* Some P acts About Factors 

Another application of prime factorization of integers is 
presented in this section* Find two factors of 72 with the prop- 
erty that their sum is 22. This might seem like a game to the 
student, but we have a serious purpose. This is the kind of 

thinking which is done in factoring the quadratic polynomial 
2 

X + 22x +72. Not only will the prime factorization of integers 
be useful later in factoring polynomials; it will provide the 
pattern for developing the properties o? polynomials. The student 
will see that whatever properties he discovers for integers, 
analogous properties will be discovered for polynomials in Chapter 
12. 

There are two theorems on which we base a systematic approach 
to divisibility of integers. These theorems are: 

10-5c. For positive integers a, b, and c, if a 
is a factor of b and a is not a factor of 
(b+c), then a is not a factor of c. 

10-5d. For positive integers a, b, and c, if a 
..„.,; ii3 a factor of b and a is a factor of (b+c), 
then a i^s a factor of c. 

[pages 261-263] 
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Theorem lO-5a is introduced to give the student the idea of 
proving theorems about factors. Theorem 10-5b is the generaliza- 
tion of Theorem lO-5a and is needed in the proof of Theorem 10-5c. 
The proofs of Theorems- lO-5b and 10-5d are left for exercises, so 
their proofs are found in the Answers to Exercises 10-5, problems 
7 and 8. 

Let us apply Theorems 10-5c and 10-5d to the problem of 
finding two factors of 72 whose sura is 22. The prime factori- 
zation of 72 is 2x2x2x3x3. If we represent the factors of 72 
as b and c, we observe that b and c must have a prime fac- 
torization consisting of 2»s and 3»s. The question is, "Should 
all of the 2»s go into making up b or should they be split 
between b and c?'* Theorem 10-5d answers this question. It 
says, "If 2 is a factor of b and 2 is a factor of b+c, then 
2 is a factor of c." So the key is the sum, 22. Since 2 is 
a factor of 22, the 2»s must be split. Theorem 10-5c tells us 
that since 3 is not a factor of 22, 3 is not a factor of c 
(or b)# " That is, the 3*s are not split but must go to one 
factor. Thus we have the following possibilities: 

c b 
2X2 2x3x3 
2X2X3X3 2 
But 2x2x3x3 is already larger than 22; so that possibil- 
ity Is eliminated. If the problem has a solution, the required 
factors must be 2x2 and 2x3x3. These are the factors 
h and 18 and their sum is 22. 

Some teachers find it helpful to use a pattern such as the 
following to help the students visualize what factors go iihere. 

72 = 2X2X2X3X3 
( ) + ( ) =22. 

The factors of 72 which are before us have to be distributed in 
the two spaces to make a true sentence^ The discussion of putting 
all the 3»s in one space and splitting the 2ts between the two 
spaces helps decide how to make the distribution. 

[pages 261-263] 
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Answers to Problem Set lO^S; pages 261t-266: 
!• 12 Hx 2x2x3 

(2x3) + (2) =5 8 2*s split for an even sum; Theorem 10-5d* 
The numbers are 6 and 2. 
(2X2) 4- (3) 7 \ 

(2x2x3) + (l) « 13/ together for an odd sum; Theorem 10-5c. 

The numbers are 4 and 3, or 12 and 1# 

2. 36 = 2X2X3X3 

(3x2x2) + (3) = 15 

3«s split for divisibility by 3; Theorem 10-5d* 
2«s together for non-dlvlslblllty by 2; 
Theorem 10-5c. 
The numbers are 12 and 3» 

(2X3X3) + (2) = 20 

2»s split for divisibility by 2; Theorem 10-5d. 

3"s together for non-dlvlslblllty by 3; 
Theorem 10-5c» 
The numbers are l8 and 2» 

(2X2) + (3X3) = 13 

2«s together for non-dlvlslblllty by 2; 

Theorem 10-5c» 
3«s together for non-dlvlslblllty by 3; 
Theorem 10-5c. 
The numbers are 4 and 9» 

3* 150 = 2x3x5x5 

(a) With one factor 2 It Is Impossible to obtain an even 
sum* 

(b) (5X3) + (5X2) = 25 
(5X3X2) + (5) = 35 

The nvimbers are 15 and 10, or 30 and 5. 
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(c) (5x5x2x3) + (1) 151 
(5X5X2) + (3) 53 
(5x5x3) + (2) 77 
(5X5) + (3X2) 31 

The numbers are 150 and 1, 50 and 3, 75 and 2, or 
25 and 6. 

18 = 2x3x3 
(3X2) +3=9 

The nxmbers are 6 and 3. 

(3X3) + 2 =. 11 
The nxmbers are 9 and 2. 

(a) 288 = 2X2x2x2X2x3x3 
(3X3X2) + (2X2X2X2) = iQ + 16 ^ 3^ 

(b) 972 = 2X2x3x3x3x3x3 
(2x2) + (3X3X3X3X3) = 4 + 243 = 2^7 

(c) 216 = 2X2x2x3x3x3 
(2X2X2X3X3X3) + 1 = 216 + 1 s= 217 

(d) 330 = 2X3X5X11 
(3X5) + (2x11) = 15 + 22 = 3T 

(e) 500 = 2X2x5x5x5 
(2X5X5X5) + 2 s= 252 

Since this Is the only possible arrangement which 
gives a sum which is even and not a multiple of 5 
since 252 ^ 6a, the problem has no solution. 

(f) 270 = 2X3x3x3x5 
(3x3) + (2X3X5) = 9 + 30 = 39 

If the perimeter of a rectangle iS 68 feet, then the stun of 
the length and width is 3^ feet* The product of the length 
by the widtn is 225 square feet* Thus we want two factors of 
225 whose sum is 3k, 
225 = 3X3X5X5. 

(3x3) + (5x5) = 9 -t- 25 = 3l^. 

The length of the field is 25 fee^i the width is 9 feet. 

[page 26'*] 
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7. If a, b, and c ar^pirsitive integers, a is a factor c£ 

b and a is a facfesr o, then a is a factor of b c. 

Proof : b + c = ap - ag where p and q ^e Integers 

def initi-^n ^ fxjjctor 

= a(p -2^' by the d:utr al::::^^. rnre prop^srty 

Sihxrsi P + q is an r^t^s:- a is a fac^:-^ of b + c. 

&^ 'For positive integei a, o, and c, if c. is a factor of 
b and- a is a t.B^':.::z (b + c), then a is a factor of 

Proof: a«p = b + c, J an integer, because a is a facto: 

o^^ b + c, 

and a«q = b , an integer, becaixse a is a facto> 

r.: b» 

Hence a^p = a*q + c 

at) + (-aq) = c c idition property af equality 

a^ + (-q^ = c distributive property 

Since the integers have closure with respect to addition, 
i(p + (-q)) is an integer. 
Hence a is a factor of c. 

2 

9. By Theorem 10-5b since y is a factor of both 3y and y , 

p 

y is a factor of 3y + y . The distributive property could 
also be used to display y as a factor, 

10. By Theorem 10-5d, if 3 is a factor of 6 and 3 is a 
factor of 6 + kx then 3 is a factor of ^x. 3 is a fac- 
tor of 4x for any value of x which is a multiple of 3. 

11. If X is the number of store jobs and. 

y is the number of house Jobs, then 
50x + 150y is the niimber of cents earned. 
Since 3 is a factor of 150y and we want 3 to be a factor 
of 50x + 150y, then 3 must be a factor of 50x by 
Theorem 10-5b. This is true if x is a multiple of 3. 

-^^11. 50X + 150y = 50 (x + 3y) 

Since 2 divides 50 and since 4 must divide the expression 
50 (x + 3y), we must select even values of x + 3y. If x is 
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.even then 3y moat be ^'^ ^ llhevrem 10-5d. This Is tr^,% 
when y Is even. If x oda^ Men .3y must be odd, -nee 
if a sum of two Integer-.- |: ^ve»r- the Integers must be eitoier 
both even or both odd. 3> lis izxz:^. when y Is odd. ThuE if 
the boys accept an even iir-^b^ex c: store Jobs, they must a^ccept 
an even number of house jC'O^^. i they accept an odd number of 
store Jobs, they must acce; :: Cidi. number of house Jobs. 

12. This set of questions is A' en^^ to give more meaning to the 
theorems In Problem 13 by - I tLng ;;he student through sens 
particular cases of them. '^Ci ;3^^^rt (h) although 3 1^ a factor 
of 135, this fact does n Sbimu^'^ from the Information given* 

(a) yes jbs 



3S 



(b) no {f} 

(c) - yes yes 

(d) yes {h no 

13. (a) Since a Is a factor o and b Is a factor of c, 
there exist Integers ^ and m such that 

aui = b and V:^^ ^ Om 
Multiplying the members of the f±rst equality by m, we 
have 

(an)m - am* 
and noting the second equality, we have 
(an)m = o« 

By the associative prapsrrr^ ox" multirilication, 
a(nm) - tu. 

Thus, since nm is an j:n:r:^^:er by thB closure property, 
a is a factor of c. 

(b) Since a is a factor of b and a is a factor of d, ' 
there exist integers n and m such that 
an = b and cm s d. 
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Thus, (an) (cm.) and (bd) ars names for the same product::: 

(an]; (cm) = bd 

ac!(nm) = bd, by associative and commutativ^e 
properties. 

Thus, since nm is an integer, ac is a factor of bd» 

(c) is a special case of (b) 

(d) If a is a factor of b, there exists an integer n such 
that 



an = b. 

an) ax 

That is 



Then (an) and b are names for the same product. 



^2^2 ,2 
a n = b • 

2 

Thus, since n is an integer by the closure property, 

p 2 
a is a factor of b • 

l4. (a) Theorem (c) (d) Theorem (c) 

(b) Theorem (a) (e) Theorem (c) 

(c) Theorem (c) (f) Theorem (b) 



10-6, Introduction to Exponents 

If your students have not already demanded a shorter way of 
writing 2x2x2x2x2x3x3, the exponent notation . s now introduced. 
In the definition of 

a"=axaxax •••xa, 
^ ^ 

n factors 

be careful to say, used as a factor n times", not 

multiplied by itself n times" • Consider the meaning of each 
of these ptirases; Two used as a factor 3 times means 2* 2*2 , 
which is eight • Two multiplied by itself 3 times means 
^•2=4, 2 multiplied by 2 once, 
4*2 = 8 , multiplied by 2 twice, 
8*2 = l6, multiplied by 2 three times, or 2^, 
Clearly, saying "multiplied by itself" can lead to confusion, 
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Answers to Proble^n Sec 10-6a ; page 267: . 

1. 25 square Inches. 

The words "squarsEi" and "cubed" origlnatad wltn tfi-e use of 
these operations -^o ob±3:in respectivel: i:he areas or squares 
and voltunes of cyz^^z^ 

2. 64 = 2^1 60 = 2^-3-5 80 = 2^*5; 48 = 2^* 3? :i£3 = 2^; 

81 = 3^; 49 = 7S ^1 ±s prime; 32 ^ 2^; 15 = 3-5; 2? ^ 3^; 
29 Is prime; 56-= 2^-7; 9^ ^ 2^-3; 243 = 3^; 432 = 2^*3^; 
512 = 2^; 576 = 2^-3^; 625 = 5^; 768 =: 2^*3; 686 = 2*7^. 

3. n must be a positive integer; a can be any real .number^ 

♦4. In different notation, we have used this example before, in 

Chapter 3, to show a non-commutative operation. It is not, 

b a 

in general, true that a = b . After the students have- dis- 
covered this fact, it might be fun to ask them to discover 
two vmequal positive integen? a and b for <«ailch the latter 
equation is acttCElly true. There is, in fact, only one such 
pair, JL ^ 2 ami b = 4^, but the proof of this is beyond the 
present course. ^ 

Tfes operation would be associative if (a^) were to 

equal a^ This, again, is not true in general, as an 

example will show. 

The one property wh±ch holds for exponents ±s that expo- 
nentiation is distributiv'^e over multiplication; that is, that 

(ab)^ = a^«b^ . We are not going to make any pi::±nt of this 
terminology, particulaa^ly since wa have never be«n careful to 
call the usual distril3U±ive law the distributive law of mixlti- 
plication over addition. One trmiSle which stucSents have with 
exponents is that they often ' ePr^-^iume a £Lctitio\is -law which 
distributes exponentiation over .Brrditiryn; it Just is not true 
that (a + b)^ = :sP 4- iD^. Nor is it true that a^a^ = a^^. 
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The gerrierai result 

m n „m + n 
a a = a 

can 36 thought o! as a direct coasequence of the defi- 
nition of e^^jonsrfs. Since we de£:!L6a to abbreviate 

a* a* a a (p ::2nrtors) 

to 3^ , we.::3sr l^ert parentheseszarbitrarily (by the 
associative :?erty of raultiplicsrtlon) to write 
m fac.t:;::3S*3: n factors 

(a* a 3.) (a* a a), p faszi^ors • 

Then p = m + n, and we abbreviate thic to 

a fis, ^ a. = a » 



Answers 


to Problsm Set 10- 6b; 


pages 268-269 


1. (a) 




(h) 


^2a + a 


(t) 




(1) 




(c) 




(J) 


3^^.23 


(d) 






27.35.5^ 


(e) 
(f ) 




{ ) 


2^a + a 




(-3) 


3 3 5 

3 £^ 


(g) 




■.-) 


32v;A2 


.2. 8 + 27 = 35 







5^ = 225 false 
.3. (2^«3^) « (;2*-I|:"^ -= 3^ true 

4., 2 dl3E±des 2 dlvldsa 2^^, so 22 must divide 3^ by 

Theoran 10-5'^ Sslse 
5. false 2^.2^=6.^ 
;6. false 23.^ = # 01 
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7. 2^ 4- 2^ = 2^(1 + 1) distributive property 



= 2^.2 



= 2 

false 



3 3 3 ^ 

8. true; by the distributive propert: , 2 ^2 = 2fl + l)=2 

9. 3^ + 3^ = 3^(-l + 1) distributive proyerxr^r 



= 3^«2 



false 



3 3 3 

10. true; by the distrJ.butlve property, 3 + 3 + 3 = 
32(-L + 1 + 1) = 3^ 

11. false; 43+4^+43= 4^(1 + 1 + l) = 43.3. 

3 3 3 1 3 

12. true; by the distributive propertir, 4-K4+4H;f4 = 

4^(1 + 1 + 1 + 1) .= 4^. 

Problems 7-12 illustrate a general result csmcemirrg 
powers of integers, namely a*a~~"^ = a°. Your students may 
possibly discover this for theiEsslves wnen they notice that 
4^ + 43 + 43 ^. 43 ^ i^.ii-S _ 

13. (a) 23(2^ + 2) = 2^(2 + 1) = 2^'.' 

(b) x2(23:3 + x^) = 2x5 + 

(c) 2x3 (2x^ _ 4x3) ^ 2^x5 - 

(d) -3a\32a^ - 3^^) = -rV + ^."a^ 

(e) (a^ + 2a^)(a -.a^) = "1. ' + 2c.^)a + (a^ + 2a^)(-a2) 

= a^ +-..237 - a - 2a-' 
= a^ + a - 2a^ 



35 
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10.-7 . Fiirther Properties of Exponents 

We want to show that the niles for simplifying fractions con- 
taining powers can be generalized, but you need not enphasize these 
rules. The student should be encouragyri to think en ^e basis of 
the definition. For example: 

X y 

The student should reason, "There 1^ one factor x zji the numer- 
ator and two In the denominator; this ±3 the same as Just one 

factor X In the denominator becau^ ^ = 1. There are three 
factors y in the ntunerator and two factors y in the denomina- 
tor; this Is the same as one factor y in the numerator, since 

2 

= 1. Avoid the use of the word 'cancel", but dcjn*^ treat the: 

y 

word as a "dirty word" should it come from a student. Just rsijisire: 
the student to explain his use of the word ±n terms of tnse thgggem», 

1=1, (a^O). 



Answers to Problem Set lO-Taj pages 271-212:= 
1. (a) 2 (e) 

(b) ^ (f) 

(c) 1 (g) 



(I) = 



3 8 



2. (a) . (b) -ij [c) 1 ,((£) \ 

m b 

3. (a) ^ (b) 3b2 ,13) .1 (a) 1 
i^. (a) 1 (b) aVc5 (c) a^A ^J^i^ 



a c 



271- 


-212= 


z' 


X6 


1 


1 


2-3 






1 




= ■5 


2 


2 


32 


~ 9 




1 






(c) 


a^b' 
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5. (a) (b) (c) 5x 

6. (a) ^ (b) 6b (c) ^ 

7. (a) -fj (^)-^ (<^) ^ 

8. False. V "I 

9. False. ,i 2 

8l 8l — 

10. True. • -J^ = IS 



11. True. 



12. True. 

3 3 

13. The reciprocal of zero Is not a niomber. 

Page 272 . We need! negative exponents later In the course In order 
to write numerals In standard iform* By studying the left side of 
the table, and filling In the right side of the table by formal 

application Of « a , we believe the students can answer 

a 

questions about a , a" , and a . It should be understood 

that 2^ and 2"^ have no meaning so far; but. If we define 2° 

—2 

to name the same number as 1, and If we define 2 to name the 

T O —2 

same number as -=5 , then 2 and 2 become meaningful In 

2^ 

terms of previously meaningful symbols. So, if we def Ine a^ « 1 
and a""^ ^ ' a ^ 0 and n a positive integer, then the 

only rule necessary for division is ~ sl 

a 
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If your students find our reasons unconvincing for defining nega- 
.tive and zero exponents the way we did, ask them to complete the 
following table • 



n 


-3 


-2 


-1 


0 


1 


2 


3 


k 


2" 










2 


4 


8 


16 



They may get some satisfaction from observing that they can 
take of each number In the second row to obtain the ntiraber at 

Its left. 



Answers to Problem Set 10-7b; pages 275-277: 



1. (a 

(b 
(c 

(d 
(e 

(f 

(g 

2. (a 

(b 
(c 
(d 



1 



b 
1 
b 
1 

To 
1 

10 



10' 
.007 

7^ 



(e) 

2y^ 



(h 
(1 

(J 

U 
(m 

(f 

(g 

(h 
(1 



10^ 

1 

b2 
a3 



1 

i7 



4 

2X 
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93 millions of miles 

9.3 ten millions of miles 

9.3 X 10^ is another name for 93,000,000 



10^ + 1 
9a^ + 3a 
a^ + 9 

a2 + 2 + ^5 or a_^h^ai+_i 
a a 

a2_l_ or-a^^ 



(b 
(c 

(a 
(b 
(c 
(d 

(e 

a" a 

(a) 6' (c) -8 (e) 4 (g) 9 

(b) -2 (d) 14 (f) -3 (h) -2 

Problem 5 gives some experience which may be helpful to the 

student when he reaches Section ll<-5 on square roots. 

„ n 

If n is a positive integer and a 0, then a = — 

a* 

Proof: 

a""^ = by definition 

a 

a^.a""^ = a^» multiplication property of equalJSy 

a 

a^*a"^ = 1 definition of reciprocal 

Thus a""^ is the multiplicative inverse of a^ . 
We have proved 

(a) a^*a^ = a^ ^ where m, n are positive integers 

m m n 

(b) -Sj^ = a where m, n are positive integers 



a 



39 
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To give meaning to ~ ^ whS2 m < n we have defined 

a"" = ~ where n Is a positive Integer 

a 

To give iiie:anlng to " ^ when man we have defined 
a « 1 

To prove a^-a^ = a^ ^ ^ for aTL Integers p and q we 
consider the following csass: 

(1) ,p and q both, positive 

(2) either p or q po^sLtlTe and the other negative 

(3) p and q both ne^it:ive 

{h) either p or q :zb^o and the other non-zero (both zero 
Is trivial) 

Case (1) proof: Same as Cs). 
Case (2) proof: 

Assme p > 0 arro < 0 

If q < 0, then. —::e> 0 

Consider a-^^a^ 

aP.a^ = bP-^-^ , a = -(-a) 

_ aP.4 . - ^ ' 

- a •--r---\-, , a = 



-•' a 
- flP a „ 1 



= a 



a 

a" 

^a^^"^ , a-b = a+ (-b) 
Case (3) proof: i , 

If -p < 0 and s < 0 , then -p > o and -q > o • 
Con sider a^ ° a^ 
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p Q 1 1 ^-n 1 

a ^ a ^ a* 



1 «ni.„n «ni + n 

=: /" \ . a •a «= a 

„-(p + q) ' 



a" 



= aP + ^ , a-" 

Case {h) proof: 

Assume p ^ 0 and q « 0 

Consider a^*a^ 

pa P 0 

a^»a^ » a^»a q « o 

= aP.l , a° = 1 

= a^ , a*l = a 

= aP+° a + 0 = a 

= aP + ^ q = 0 

Once we have established that a^'a^^ = a^ for all Integers 

p and q we can consider division as multiplication as shown 
below. 



? t= a^'a."^ , a"" = „n and a" = -,-n 



Page 277: 



a^^ „ / a> a^ /aN a* a* a a^ 



thus 



means = r^:^ = ^ ; 

a^3 a3 



(aV)^ = (aV)(aV)(aV) = (a^.a^-a^) (b^.b^.b^) 
- (a2+2+2)(^33+3+3). 
3 



thus (a^b^) = a^b^. 
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The general result, 

(ab)" - a"b" 

Is true because (ab)(ab)»»» (ab) may be rewritten as 

(a»a ••• a) (b»b ••• b) 

by the associative and commutative properties of multiplica- 
tion. 



Answers to Problem Set 10-7c ; Pages 277-280? 

1. (a) 9a^ (b) 3a^ (c) 27a^ (d) Sa^ 

2. (a) 2-- (b) ^ (c) 

3. (a) a (b) -a (c) (d) -3a^ 

Notice the difference in meaning between (-3) and -3 . 
The first means (-3) (-3), which is 9« The second is the 



2 

opposite of 3 , which is -9. 





(a) 






(b) 1 


5. 


(a) 


1 






6. 


(a) 






(b) 1 


7. 


(a) 






(b) x^a 


8. 


(a) 


& 




(b) xy 


9. 


(a) 


yes 


4 
9 


4 

=•9 




(b) 


no 


2 


9 




(c) 


yes 


c2„2 ^2„2 
3 a 5 a 

2 2 " 2 2 
7 b*^ 7 b*^ 



(c) 16 
(c) 

(c) x^^ 



(d) no ^ / ^ 

(e) yes Theorem 10-5b 

(f) yes Theorem 10-5b 

(g) yes Theorem 10-5b 

42 
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10. (a) Suppose 3 13 the number 

(2(3))^ -36 
2(3)^ ^ 18 
(b) If X 15 the number 



They aj?e not the same. 



2{%) ^ 2x2 ^j^^y g^j^Q not the same. 

11. (a) Area of a squai?e of side s Is s 

/ 2 ^ 

Area of a squai?e of side 2s Is V^s) = 43"" 

The area of the larger square Is four times the area 

of the smaller square 

(b) s^ and (3s)2 

The larger^ square has nine tinges the area of the smaller 
square. 



(c) 







A 

S 

2S 

S 

V 






s s 

<r-~ZS -> 





s s 

3S 



12. (a) Ife 



11 + X 

6x2 . 



(d) 
(e) 



bo + ac 4- ab 
abc ' 



S^b^ + Qlab - 245a2 
ITSa^b^ 



(c) "^x - 6ay - l^a'^z 
30a 



43 
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p 

13. Prove: If a is odd, then a is odd. 

Proof; Assume a is even. Then a = 2q where q Is some 

p p p . ■ 

positive integer. Then a « 4q , and a is even. But this 

is contrary to the given hypothesis; therefore, a is not 

even. Therefore a is odd. 
p 

1^. Prove: If a is even, then a is even. 

Proof: Assume a is odd. Then a 2n + 1, for some posi- 
tive integer n. Then a^ « ^n^ + + 1 « 2(2n^ + 2n) + 1. 
p 

Hence, a is odd, contrary to the given hypothesis. Thus, 
a is no t odd, and a is even. — 

15. Be sure to have student change fractions to lowest terms 
before substituting numerical values. 

(a) (-2)(2)2(.2)2(3)2 = -288 

(b) ((-2)(2)(-2)(3|2 = 576 

(e) =^^=^ , (-2)(2)(-3 ).^ , 
6b V 3b2 3(-2)2- 

(d) - 3a^ _ -3(2)^ ^ ^1 
b^c^ ~ (-2)2(3)^ " " ^ 



(2)3(-2)3 -6 



-2 -2 



(f) (2 - 2 + 3)^ ^^^9 

2^ + (-2)2 + or " 



16. (a) (x^ + l)(x^ + + 1) = x2(x^ + x2 + 1) + 1 (x^ + + 1) 

= + x^ + x^ + x^ + x^ + 1 

=» + X^ + X^ + 2x2 ^ 

(b) (2a^ - b2)(3a2 - 2b2) =. 2a^(3a2 - 2h^) - \>'^{3a^ - 2b2) 



6a^ - lla^b^ - 3aS^ + 2b^ 



[page 28o] 

44 '■" , 



307 

(c) (2x - 3y)(2x - 3y) = 2x(2x - 3y) -3y(2x - 3y) 

a kx - 6xy - 6xy + 9y 
. a 4x^ - 12xy + 9y^ , 

(d) (a + b)^ = (a + b)(a + b)^ 

m a(a + b)*^ + b(a + b) 

= a(a^ + 2ab + b^) + b(a^ + 2ab + b^) 

- a"^ + 2a^b + ab^ + a^b + 2ab^ + b*^ 

a a^ + 3a^b + 3ab^ + b^ 

In this and the remaining chapters we are not Including a 
chapter summary In the text. With the experience the student 
has now had he can make his own summary and It Is much more 
valuable for him to do so. 



Answers to Review Problems 

1. (a) -ie wJ°3r^ 

29a 



(b) (e) if? 



3aS »- 5a + 8 
15 12a^ 

3x^ 1 



2. (a) ^ (b) (c) ^ (d) j 

3, - 130 Is divisible by 2 

131 is not divisible by 2, 3, 5, 7, nor 11 so 131 Is prime. 

k. If X Is the Integer then 
4x = 10 + 2(x + 1) 
The Integer Is 6 
5. (a) The solution of the equation Is 93, but 93 Is divisi- 
ble by 3 so the truth set Is empty. 

(b) (139) 
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(c) If there is a prime for which 

3x^ < 123 

2 t p 
then X < 41 where x is an integer 

X < 7 where x is an integer 

the primes less than 7 are [2, 3, 5) 

The left member is 3(2)^ = 12 when x is 2, 

The left member is 3(3)^ = 27 when x is 3, 

The left member is 3(5)^ = 75 .when x is 5, 
Thus the truth set is [2, 3, 5). 

(d) If there is a prime such that 

|x - lOj < 3 

then 7 < X < 13 is an equivalent sentence. 







Thus the truth set 


is 


(111 


• 


6. 


(a) 




(c) 


1 




(e) 27a^ 




(b) 






2 




(f) 10^ 


7. 


(a) 








(e) 


a^ + a^b + ab^ + b^ 




(b) 


3 2 5 






(f) 


X + x^ 




(c) 


6x^ + 3x^ 






(g) 


a D 




(d) 


2 2 
mn - m n 






(h) 


o o P P P 

x^y^ + xy"^ + 2x'^y'^ + 2y 


8. 


(a) 


either 


(g) 


even 








(b) 


either 


(h) 


odd 








(c) 


even 


(i) 


odd 


since 2 divides 2 *^ but 




(d) 


odd 






not 


divide 3^^. 




(e) 


even 


(J) 


even 


since 2 divides both 2-'"*^ 




(f) 


odd 








• 


9. 


(a). 


(c), (e), (f), (g), (h) 


and (k) are non^negative 



46 
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10. If X is the length of the side of the smaller square, then 

X + 1 is the length of the side of the larger square, and 

(x + 1)^ - =. 27 
The length of the side of the smaller square is 13 units. 

11. If X is the number of nickels, 4l - x is the number of 
dimes, and 

5x + 10(1*1 - x) = 335 
Thus, Bill has 15 nickels. The information about his saving 
for 27 days and having more dimes than nickels^ is unnecessary. 

12. If Sam can ride d miles into the hills, then he will ride d 
miles back, and 

"e + 12 = 5 

The distanoe is 24 miles. 



Chapter 10 

Suggested Test Items 

1. Find the prime factorization of 129, 315, 4oi, 3375 and 5922. 

2. The next prime number after 103 is what number? 

3. Why is the product of any two prime numbers which are each 
greater than 2, always an odd number? 

H. If 5 is a factor of A and 15 is a factor of B, name a 
factor of A + B. 

5. If 3"^° + X = 123456 is a true sentence, explain why 3 is 
a factor of x. 

6. If 2^^ + x = 85631 is a true sentence, explain why 2 is 
not a factor of x. 

7. Find two numbers whose product is 108 and whose sum is 
divisible by 3 but not 2. 
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8. Find two factors of p whose sum Is s for each of the' 
following: . 

(a) 96 20 

(b) 36 13 

(c) 72 27 

(d) 80 18 

(e) 352 38 

(f) X800 85 

9. Vnilch of t±ie following are tmae? Explain why or why not. 
(sO 23.33= 6^ (e) 2° + 2° = 2 

(b) 2^.3^ = 6^ (f) :2"^'2 =2 

(c) 2^ +2^^.= 2^ (g) (22)"^==! 

(d) (23.2)2=27 • (h) 23+22=2^ 

10. Simplify (explaining restrictions; on the domains of the 
variables) . 

(a) (d) 

2'^.27xy3 ^ ' 3u ^ 5uv ^2 

(b) (e) (x2 + y)2 



(°) (f) a-l + b-l + c 



-1 



11. The squares of two successive integers differ by 11. What 
are the integers? 



Chapter 11 
RADICALS 



Having prepared the way by factoring integers and studying 
exponents, we proceed to a study of radicals. We shall learn how 
to add and multiply them and how to simplify them after deciding 
what "simplification^' means for radicals. 

T?he method for finding approximate square roots will be the 
iteration method which consists of an initial estimate in standard 
form and its subsequent improvement. It is possible to prove, 
although we do not do it in the text, that this method converges 
in the sense that each new approximation is better than the pre- 
vious, ind it is also possible to -^show the error of each approxi- 
mation. 

One of the importarit consequences of our work on factoring of 
integers is that we are now able to prove that ^2 is irrational. 
We have assumed from the beginning that is a real niomber, in 

fact that ^ya is a real niomber for any positive integer n and 
any ^non-negative real number a. Our list of basic properties 
listed in Chapter 8 lacks one property .which would be needed to 
prove that -sPk is a real number. In this course, we assuiti© that 
is a real number and then prove it is not rational. 

For a proof of the existence of -TI and the uniqueness of 
^-/a" , see Studies in Mathematics, III, pages 5«7 to 5.12. 

Students who have studied the SMSG 8th Grade Course will have 
been exposed to some discussion about rational and irrational num- 
bers and to a proof that is irrational;. They will also have 
worked with standard or scientific notation. 



11-1. Roots 

There is litole confusion over the symbols and 
- -/^ y but as soon as a variable appears under a square root 
sign we must be careful. The difficulties come from the fact that 



49 
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the square root symbol aiways Indicates the p:ci5ltlve square root 

and that the radlcand must be non-negatlve» Consider -v/ a^ • EC 

2 

a Is positive or negative, a , the radlcand. Is positive* Thvie^^ 

Is true If a Is positive^ but falBie If a Is negative 
The true equation Is 



= lal 



Examples are: 



= 3|x| 



3)2 = 1-3| = 3 



y(a + \>f 



= la + b| 

Suppose we have a radical such as VTSa • In this expression a 
must be non*-negatlve; the definition of a root requires It. If 
a were negative we would have what Is defined In a later course 
to be an Imaginary number. Some examples are 



-n/ = -n/ _ 2|x| y5rj t)ut since x must be positive., 

= 3x yic • 



y(x - 1)^ ^ |x - 1| y X - 1 = (x - 1) yx - 1 , X ^ 1 . 
Page 283. If- x = 17, then x^ = 289. 

If X = .3, then x^ = ^09. 
If X = -.2wa2, then x^ = ^w^a^. 
The truth set of x^ = 49 Is (7,-7). 
The truth set of x^ = »09 Is (.3, -•3). 
The truth set of x = -4 Is j2f» 

Notice that the sentence "x = n, n ^ 0" has truth set 
(yn^ ->/n}, where the sumbol "yiT Indicates the positive square 
root and '*-Vn'* the negative square root* Do not allow a student 
to confuse ^fn with the statement "find the numbers whose squares 



are n". 
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Answers to Problem Set 11-la; pages 284-285: 

(e) ^ 

(f) .9 
(S) 3 
(h) -1 



1. 


(a) 


2 




(b) 


-11 




(c) 


1-31 = 




(d) 


1.5 


2. 


(a) 


yes 


3. 


(a) 


yes 


4. 


If 


0 < a < 



(b) yes 



"a >^ 



/a <v^^ , by the comparison property • If 
= , then a = b, c6ntrary to hypothesis. If 
> -n/^ , then a > b, contrary to hypothesis. Thus, the 
only remaining possibility is -^/a"< ^/b". . 



5. No.V is positive; so V x + 2 > 1 for all values of x . 

6. y(2x - 1)2 = |2x • ll 

(a) X < 2x < 1, 2x - 1 < 0, l2x - 1| = -(2x - 1) = l-2x 

(b) X > 2x > 1, 2x - 1 > 0, |2x - 1| = 2x - 1 



(c) X = 2x - 1 = 0, 



l2x - 1| = 0 



The trouble with the "proof" can be best explained by 
inserting another step. 



(a - b)2 = (b - a)2 



because 



y (a - b)2 = y(b - a)2 
ja - bj = jb - al, 

X if X > 0, 
-X if X < 0. 



Vx2 = Ixj. jxl = 



[pages 284-205] 



. If a - b > 0, then b - a < 0. ^ 

. • a - b « -(b - 'a) •; 'J 

' a - b '= -b + a- ■ 

a - b' «. a - b _ 

V If a - b < 0, then b - a > 0. : >.:i, 

■ • -(a - b) =:;b>- a ' ' ' ^ ?' 

•.- --v -■ -a- + b-,« b' a ■■ :* v-, ■ ',V 

'. . 'b --a\=" b-^- .a' ■ ^'-r;' r':'--''^ ■ 

Page 285, If x = 2 , then = 8. /' 
If X = -.3 , then = -•O27. 
If X = "la*^ , then x^ = -j^a"^* . 

The truth set of x^ = 8 is (2). 

The truth set of x^ = -.072 Is C— 3). 

The truth set of x^ « I6 Is (2,-2). . / 

Help the students recognize how they can find a cube root If 
the number contains the saine factor three times, they . can find a 
fourth root If the nxxmber contains the same factor fo\jr: times, etc. 

Be sure that the students see why, in Problem 4, 



= X , but fs/ x^ = |x| . 



We should not devote much time to higher roots, since we do 
not have fractional exponents to simplify our work. The work In 
the rest of this chapter Is more Important, 



Answers 


to Problem Set 


11-lb; 


page 286: 






1. (a) 


3 


(b) 


3 


(c) 


3 


2. (a) 


2 "^'T 


(b) 


10 


(c) 


9 


3; (a) 




(b) 


Ix| 


(c) 


1x1 


^. (a) 


-5 


(b) 


-2y 


(c) 


2y 


5. (a) 


-13 


(b) 


|-13| « 13 


(c) 


132 



[pages 285-286] 



315 



ERIC 



I' 6. (a) .2 (b) (c) .6 

7. (a) -i (b) ^ , b ^ 0 (c) 1^1, b^^ 0 

: 8. (a) kc^ (b) X - 3y (c) 3 

9. i/i6 = , yio^ooo = vioo , ^/? = y3r 

' *10« The fourth root of a number a, Va~, is that number which 
when used as a factor h times will yield the number: a. 

Similarly, ^J/IT , where n is positive, is that number which 
when used as a factor n times will yield the number a. 
Wien a is negative and n is odd, the nth root of a will 
be a real number. 
Example : 

3. 

y~27 = -3* 



11-2. Radicals 

The proof that is irrational which is presented in this 

section is interesting when we realize that here is a significant 
mathematical fact which can be proved at this point Just on the 
basis of principles which have been developed in this course. 

Assume there are positive integers a and b such that 

^ = yi" , where ^ ^ 0, and a and b have no common 



factors. 



Then (-|) = 2 . Definition:. If x = va, then x = a. 

4 = 2 , since (^f^^; 
h . b 

a^ = 2b^, by multiplying both sides by b^; 

a^ is even, (a^ and 2b^ are names for the same number, 
but the name 2b^ clearly shows a factor of 

2.) 

[pages 286-289] 

53 



3l6 



a is even, by theorem of Problem ih, of Problem Set * 

10-7C. 

a = 2c If a is even, then there Is a positive , 

integer c such that a is twice c • . 

I 2 P 

4c . = 2b , by repLiasring a by 2c in the equation 

2 2 / . . 

a 2b above; 

2c^ = b^, by diviJoLng both sides by 2. 

b^ is even, since 2c^ has a factor of 2, b^ names 

same number* 



b is even. ' - ' i . 

Now 2 is a factor of both a and b, which contradicts our ' 
•initial assvimptiori that a anii b had no common factors. Hence, 

true for every pair of integers a and b, b / 0« 

Theorem 11-.2. is not a rational n\amber» 

is named an irrational number^ The set of rational numbers 
and the set of irrational nvimbers together make up the real 
nvimbers. ^. 

The simplest method of- seeing that the square root of any 
positive integer which is not a perfect square, is in fact irra- 
tional, is a bit different from what we did for ^/2' • The argu- 
ment proceeds as follows. We give it for your information. 

Let yrr be the nvunber we are talking about. If n has any 
proper factors which are perfect squares, perform the square root 
operation on them (we shall be teaching this technique, and the 
reasons for it, in the next lesson). What is left inside the 
radical, then, is a product of distinct prime factors, each of 
them appearing Just once. For example, if you were dealing with 
-v/45 , you would first writse it as 3 ^ , and if we can show 
that y/5 is irrational, then certainly is also. 

Thus we have a new integer, say m. Inside the radical, and 
m is the product of prime factors each of which appears only once 
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Suppose that ynT were rational, say . If we multiply out, 

we find a^ « mb^. Now let us "count" prime factors, is a 

perfect square, and hence> in its prime factorization, contains 

2 

every prime factor an even number of times» But then. In mb , 
the prime factors of m will appear an odd number of times, since 
m has every prime factor Just once in its own factorization. 
Thus, mb . ..cannot equal a perfect square which a however, is 
supposed to be. Tnis Is a contradiction, and tnus the square root 
of any positive integer not a perfect square Is irrational. 

Now, however, we are in trouble. Tnis proof, you see. Is 
easier tnan tne proof we nave given in the text for the irration- 
ality of -n/T . Not only is it easier, but it works in many more 
cases. Why then did we go tnrough all the evens and odds argument 
witxi tne students to prove the irrationality of -/2 ? 

The answer may not mean much to most of tne students, out it 
means a great deal to mathematicians, and you snould know what it 
is. You see, we have never proved the unique prime factorization 
theorem. We gave examples, we made it seem plausible, we have no 
hesitation in using it,, but we have never proved it. Thus another 
proof which depends on the prime factorization is not really a 
proof either, it is Just a convincing argument, if you like,* that 
the result is true. A proof, like a chain, is only as strong as 
its weakest link. The proof in the text for the irrationality of 

did not use prime factorization, and thus, in a sense, it is 
a better proof than the argument we Just gave for the irrationality 
of square roots of non-squares. 

What do we want the students to know and to use? Prime fac- 
torization is important, we have used it throughout this chapter, 
we will continue to use it. We want the student to use it in 
L.C.M. problems, in factoring problems, any other place he likes. 
The purpose of this discussion has been to prepare you in case the 
student finds this other proof of irrationality of square roots. 
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Many things in this course have not really been proved, and 
the point of the proofs in this course is not at all to make the 
course rigorous, but only to show the student a little bit of the 
nature of deductive reasoning, and to let him see that in a very 
real way certain facts about the real numbers are consequences of 
certain others. Only graduate students should be forced to go 
through a rigorous course on the real number system. 

Answers to Problem Set il-*2; page 289: 

1. In the first exercise, all we expect the student to say is 
that since the square of 1 is 1, 1 is too small to be ' 

the desired square root, while, since the square of 2 is '4, 
2 is too large to be the desired square root. Since, however, 
there are no integers between 1 and 2, -/2 cannot be an 
integer. 

2. We wish to find a perfect square between -I and . If we 

11 

write equal fractions for and ^ which have the same 

denominator, the numbers are more easily compared. Thus, we 
2 3 

consider and . Since a perfect square rational number 

2 

would be of the form , we are led to consider and 
Now it is easy to pick out the perfect square, ^ . 

3. Assume = r, where r is a rational number. 

Then ^/2 = 2r is an equivalent sentence. 

2r is a rational number since the rational numbers are closed 
under multiplication. Since ^/2 is an irrational number by 
Theorem 11-2, and 2r cannot name the same number. Thus 

-/2" = 2r is a contradiction and our assumption that r is a 
rational number is false. 

Assume ^/2 + 3 = r , where r is a rational number. 
Then -/2" = r + (-3) is an equivalent sentence. 
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Since the rational numbers close under addition, r + (-3) 
is rational. But is irrational, so -s/2" « r + (-3) is 

a contradiction. Thus, the assumption that -/2 + 3 was 
rational was false. 

*5. Suppose a/3 = -i f where p and q are integers, q ^ 0, 

^ and p and q have no common factors. 

2 

Then 5 = ^9 by squaring both members. 

q 

2 2 

5q = P J by the multiplication property of equality. 

2 

Since q is an integer, q is an integer. 

2 2 2 

Also, 5q and p name the same number, so 5 divides p . 

Therefore 5 divides p and p = 5n, n an integer. 
5q^ = {5nf 
q^ « Sn*- 

2 

This shows 5 divides q and thus 5 divides q. ' The 
statement that 5 divides p and 5 divides q is a con- 
tradiction of the assumption that p and q have no common 
factors. 

11-3 . Simplification of Radicals 

Answers to Problem Set ll-3a; pages 290-29I: 

1. (a) ^0 (b) (c) 3 

2. (a) ^ (b) 2v^"T0 (c) 6 

3. (a) , X Is non-negative 

(b) -/3y2 , y and z are non-negative 

(c) lx| ^ X is any real number 

4. (a) 0 (b) ho (c) y where y is non-negative 

5. (-/a)^ ^ ^"0^ every real number a. Va" is defined only for 
non-neg?Ltive values of a. Thus (v^)^ a is true for every 
non-negative number a . 
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6. If ^ is ?/ab we must show that (Va S'^)'^ is ab. 

Proof: (J^ 3^ )^ = (l^ f (J^) ^ (ab)" = aV 

= ab definition of cube root 

Thus ^/ib = Va ?/1b 

7. (a) '^'h- 4 

(b) X + , where x is non-negative 

(c) (>/a + 1)2 = (ya + l)ya + (ya + 1) 1 

= a +^1" + 1 

« a + 2ya + 1, where a is non-negative. 

(d) -1 

(e) 5 + 2V6 

(f) 11 +72" 



An swer 8 


to Problem Set : 


ll-3b; page 


293: 








1. 


(a) 


2 «/5 


(b) 


5>/2 


(c) 


5^10 


(d) 




2. 


(a) 


2^3 


(b) 


-/30 


(c) 




(d) 




3. 


(a) 




(b) 


6^13 


(c) 


5^/13 


(d) 




1^. 


(a) 




(b) 


10 


(c) 








5. 


(a) 


36-/7 


(b) 


2^77 


(c) 








6. 


(a) 


5 


(b) 


12 


(P) 


7 






7. 


(a) 


2 3/2 


(b) 


5 V2 


(c) 


V35 


(d) 


6 


8. 


(a) 


2>/l5, - 


■2'/l5 


(b) 9^/2, 


-9'/2" 


(c) 


2 Vt", no nega- 
tive number 


9. 


(a) 


276" |x| 


(b) 


2xV'6x for all non-negative numbers x 




(c) 


2x^'/§x 


for all non-negative numbers 


X 
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10. (a) ^a^y? (b) 2a for all non-negative numbers a. 
(c) 2|a| Vr 

11. (a) -/hjx and x Is a non-negative number 

(b) 25!xl 

(c) X y 5x and x Is a non -negative number 



12. (a) 1xK/x^+ 1 

(b) 1x^1 

(c) x^ + |xl 

13, (a) (2v^x )(5v^ ) Is defined only for non-negative 

numbers x 



(2 >/3x )(5V^ ) = 10^18? and x Is non-negative 
= 30X-/2 and x Is non-negative 

(b) is defined only for non-negatlve values 
^ / of y and a 

• \2^/^^w/^J = (3|x|yy)(y ya) and a and y are 
^ /\ / non-negative 

= 3|x|yyay and a and y are non- 
negative numbers 

(c) 1000 y 3x and x is a non -negative number 

14. (a) k (b) 2 J/T (c) 2 (d) ^TTF 

15- (a) 3 (b) -3b (c) -3c ^ {6) 2^ 

16. (a) 2x^ = 32 

x^ = 16 
is equivalent to 

X = 4 or X = -4 . 
The truth set is C^, -4}« 

(b) (473", -473 } 

(c) (4, -2} 
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17. (a) 12 73 - 6 



(b) 32-4^2 



(c) -2 -2 ye" 



Answers to Proble m Set llAs^} pages 294-295: 



1. (a 

2. (a 

3. (a 

4. (a 

(c 

5. (a 

6. (a 

7. (a 



3 

1x1 

2 

•3 



(b) ^VT 
(b) -j^ and a 0 
(b) -jj^ and y ,1^ 0 
(b) ^ and a > 0 



(c) f^/T 

(c) M 73 and y V 0 
(0)^—^72" and a y 0 



aiid X > 0 and y > 0 



(b) -^^3' and 



^Vl5 (b) 



22 , in ^ 0 

/^N lal >/3x 



(c) — and a > 0 



(c) l-ZB" 



and X > 0 



8. To prove -x/^ = for a ^ 0 and b > 0 we must show 

vb 



that 






m 


is 




Proof: 





is a squEire root of # . This will be true if 



is by the definition of square root. 



iVb" 



(Tb) 



7 



a 



/a VsT 
V"S =7? 



definition of square root 



since a positive number has exactly 
one positive square root 
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Answers to Problem Set ll-4bj page 297 ; 



1. 


(a) 


^ (b) "I 


(c) 


^73 


(d) iy5 


2. 


(a) 


i|v^ (b) ^yi5 


(c) 




(d) -^721 


3. 


(a) 




(c) 




(d)^yT 




(3.) 


^VIFb and b ^ 0 


(b) 


T^r-Vl^ab and a > 0 and 
^ b > 0 ^ 




(c) 




(d) 


1 n=- 


and X > 0 


'■* 


(a) 


1 ^ (b) -i ^ 


(c) 




and a ?^ 0 




(d) 


1 3 / P 

VlOa'^ and a 0 








6, 


(a) 


\^ (b) ^^yr 


and 


a ^ 0 


(c) 


7. 


(a) 


. 3 - 2 V? 
6 


(b) 


3 


(c) 1 


8. 


(a) 
(c) 


— i and X > 0 
1 

2/7" 


(b) 


b 


ana d > u 


Tb + b 


9. 


(a) 


5 + 2 -/6" (b) X + 2yx + 


1 and 






(c) 


a + ^ + 2 and a > 0 


or 


a^ + 2a 


+ 1 


Answers to Problem Set ll-4c; page 


a 

298: 




1. 


(a) 


372" . (b) 372'- 


3yT 


(c) 19 -yr 


2. 


(a) 


372 (b) ^TT" 




(c) y? + 771 


3. 


(a) 


V34 + 2 - 2^^ 


(b) 2-\/2 H 


12 
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(a) V6+^/^ (b). 3^5" (c) 17 Vs 

5. (a) 5ya (b) a^^a + 2aya (c) 0 

6. (a) (^5, -75} (b) [25) (c) (5, ^5) 



11~5« Square Roots . v 

There is some controversy as to whether the square root 
algorithm or the iteration method of approximating square roots 
is superior. We advocate the latter for the following reasons. 

1. The iteration method can be made meaningful. It is based 
on the definition of the square root: If = n then - 
X is the square root of n. So the student must find a 
niimber which when squared gives n. 

2. The student is more likely to realize that he is finding 
an approximation toyn , than when he uses the algorithm. 
In fact, he can be taught to estimate the size of the 
error. 

3. The student is estimating his results; so he is not 
likely to make a bad error without realizing it.- 

4. The second approximation can very often be done mentally; 
always with- very little arithmetic. In many cases it is 
all that is needed. 

5. An easy division with a two digit divisor yields a result 
in which the error is in the fourth digit. This is 
sufficient for most purposes. 

6. The method can be completely jui^tified algebraically, 
although the justification is not given in the student 
text* 

7. A formula for the error of any approximation can be 
derived. 

8. The method is ideal for machine calculation. 

9. If 'the first approximation is obtained from the slide rule 
the second approximation is likely to be correct to 7 or 

8 digits. 



[pages 299-303] 



62 



325 



10. The method is self -correcting. That is. if an error is 
made, it will still give the correct figures providing 
the error is not made on the last approximation. 
One of the stumbling blocks that students have is the proper 
placement of the decimal point. We handle this problem by intro- 
ducing the standard form. We write every number in the form 
a X lO^P where 0 < a < 100 and p is an integer (2p is, 

therefore, an even integer). The square root of ax 10^^ is 

ya X 10^ . Thus, we are always finding an approximation to a 
number greater than zero and less than one hundred. Aside from 
decimal point placement, the standard form has another advantage. 
Square root tables of numbers from 1 to 100 are often avail- 
able in the classroom. The standard form idea brings all numbers 
within the scope of the table. You may want to teach square root 
approximations from tables if you have tables available. 

The standard form idea can be referred to the positive num- 
ber line for visualization. Numbers between 1 and 100 are 



Neg ative powe rs of 10 



rv^A 1_ 



O 
0 



Positive powers of 10 



100 



already in the desired form or you can append a 10 to them* 
Numbers greater than- 100 are to the right of the desired in- 
terval and will be written with a positive power of 10. Posi- 
tive numbers less than 1 are to the left of the desired interval 
and will be written with a negative power of 10. The absolute 
value of the exponent is equal to the number of places the decimal 
point is shifted. 

63 

[pages 299-303] 



326 



Page 302, Examples: 

(a) Since l6 < 19 < 25, it follows that k < -/iS < 5. 

(b) 7 < < 8 

(c) 2 < v^< 3 





G -n/qiS ^ 10 








(e) 


O J. JL • w ^ ^ 








(f) 


8 <' •N/7g,42 <r 9 








(g) 


1 < '/1.38 < 2 








(h) 


2 < ^/^ < 3 










5 < 730.2 < 6 








Answers 


to Problem Set ll-5aj page 


303: 






1. (a) 


5 (b) 8 


(c) h 


(d) 


7 


2. (a) 


90 (b) .9 


(c) .009 


(d) 


9 


3. (a) 


30 (b) 300 


(c) .3 


(d) 


9 


^- (a) 


50000 (b) .0002 








5. (a) 


h X 10"-^''' (b) 9 X 10^ 









Page 303. The iteration method is very easy to explain. Suppose 
we consider a number a, 0 < a < 100, and find an approximation 
to yiT • We make a one digit estimate, x, then divide a by x, 
and average x and ^ • The average is the second approximation 
for -/a • For example, find an approximation to . 6^ = 36 

and 7^ = ^9, 43 is closer to kg; so a one digit estimate of 

-/kS is 7. Then is 6.1^* and the average is i(7 + 6.l4), 

which equals 6.57. Very often the second approximation can be 
done mentally. For example, find ^30^ . If the closest integer 
is 6, then is 5* and the average of 6 and 5 is 5«50. 
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Thus, we ask the student to concentrate on two ideas. First 
putting numbers in the form a X 10^^, 1 < a < 100 and p an 
integer, and making nearest integer estimates of the square root 
of a. The nearest integer estimate will always be one digit 
.except for values of a close to but less than 100. (For 
example, the nearest integer approximation of -/97 is 10.) 
SecondV dividing a by the integer estimate and averaging these 
two numbers. Then, for better approximations we divide and average 
again, each time pbtaini^ng roughly double the number of correct 
digits. ; 

When we "divide and average" to get a second approximation, 
a natural question at this point is, "How good are the approxima- 
tions we are getting?" Certainly 5 is a good estimate of the 
square root of 26 because 5^ is 25 and 25 is very close to 
26. If we average . 5 and ^ v;e get 5-100; a square root, table 

lists as 5.099020. Our average is off by only 0.001. If 
we divide and average again, we get "^(5-1 + •^^) = 5-0990196. 
Thus, if we seek an approximation for the square root of a number 
whose square root is close to an integer, we expect and get good 
results. What, however, if we want an approximate square root of 
30"? Since 5^ = 25 and 6^ = 36 neither 5 nor 6 is a very 
close estimate. To answer this question we have prepared a table 
in which we deliberately chose* the worst cases of irrational roots 
(the geometric mean or close to it) for which the closest integer 
is the first estimate. The third estimate was computed by roundi^^ 
the second estimate to two digits and dividing and averaging. 
Thus divisions were kept quite easy. 

Examination of the table shows that the second approximation 
is in error in the third digit and the third approximation is in 
error in the fourth digit. In only one case, however, is the 
third approximation in error by more than 0.001. In the case of 

'^/T , the error is a little less than 0.003. Remember, these 
are the worst cases we could have chosen. 
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First 
Estimate 


Second 
Estimate 
(1st. Ave.) 


Third 
Estimate 

/ ^ T ft \ 

(2nd. Ave.) 


Prom 
Tables 




1 


1.50 


1.41667 


1.414214 


V D 


2 


2.50 


2.45000 


2.449490 


/To 

V 13 


It 


3.64 


3.60555 


3.605551 


/on 
V 21 


5 


4.50 


4,58261 


4.582576 




5 


5.50 


5.^7727 


5.477226 




7 


6.57 


6.55757 


6.557439 


757 


8 


7.56 


7.55000 


7.549834 




9 


8.56 


8.5^^18 


8.544004 




10 


9.50 


9.539^7 


9.539392 


On 


the basis of the 


observations made 


on the worst 


cases, we 



set our proced'ur^^ as follows. 

To find'th^ approximate square root of a number: 
1. Put the i number in standard form, M x 10^^ , 
1 < .M <jlOO and p is an integer. 

2. 



where 



3. 
4. 



Since v^MjX lO^P = -/JTx 10^ , find the approximate 
square rbbtvof M. 

As the first estimate of -s/lf take the closest integer. 



M 

Average and ^ for the second estimate, > d 

carrying out the division 7 to 3 digits and averaging 



to 3 digits. 



5. 



M 



Average x^ and^ ~ for a third estimate, Xg . Round 

Off Xp to two digits before dividing, in , and carry 

the division to 4 digits and average to 4 digits. 
This estimate will exceed' -/vi by an error usually less 
than .002. 
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6. Should even more accuracy be necessary, round " to 3 

digits. Divide and average to 6 digits. In general, 
if you are sure of y digits In your divisor, you can be 
sure of 2y digits in your average. If great accuracy 
is desired, greater efficiency can be obtained by the 
consideration of the error at each stage. This is ex- 
plairied in the following discussion. 
The procedure we have outlined for approximating an irrational 
square root seems to work. It seems to give rational numbers which 
are closer and closer to the irrational square root. The student 
may ask: Can you . prove this? Let us reason as follows* 
If x-j^ is a positive approximation to ./vi such that x^ > ^TT, 

then > n. 



and 



-1 >\- 

Then, by adding x-j^ to both sides, 

2^1 > ^1 + 3r 



and 



,^1 > \ (^1 + x^) • 
Since the second approximation is = "I + ^r") * have 

shown that the second approximation is always less than the first. 

Let the difference between an approximation and be 
called the error e of the approximation. Then the errors in the 



first two approximations are 

e^ 



and 

= x^ - yrT . 

Thus, 



^2 
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By adding fractions on the right and commuting terms, 

x^^ - 2 yfi x^ + n 

But the numerator on the right Is a perfect square: 

^2 " ^ . • 

Now we observe these facts: 

(1) The error e^ In the second approximation Is positive, 
because the square of any non-zero number Is positive. Hence, Xg 
Is greater than yn • Then yn < x^ < x^, and we have shown that 
x^ closer to than Is • 

(2) The same procedure would give us the error of aiiy approx- 
imation X In terms of the preceding approximation 

error of x = IE-^J^^ , 

and this error Is always positive. Then x Is closer to 

than Is z and x >-/rr • We may replace yn by x and get the 

approximate formula for the error: 

\ 2 

error of x Z V^^^ , 

where z Is the preceding approximation. 

To approximate ^29 we find that x^ = 3, = 5«^, and 

= 5«385; hence the error In x^ Is 
^3 2X2 ' 

63 z ^{q]1^ ~ 0.00002. 
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This means that Xg is larger than-/29 by about 0-00002. It 
shows that we could have computed to more digits. If we 

compute to six digits, we have 

X3 = I (5.^ + |3r) = 5.37037) = 5.38518. 

This is too large by about 0.00002; by subtracting the error we 
have 

729 ^ 5.38516. 

If the error in each approximation is taken into account, one 
can. obtain a large number of correct digits very quickly. Let us"* 

evaluate -/31200 as an example. Since ^31200 = -/3.12 x 10*^ , 
we compute -/3.12. 



Corrected 
Approx. to z 


3.12 
z 




Approx. 

Error of x 


2 




1.78 




1.78 - .01 = 1.77 


1.762711 


1.766355 


(Ofl^)^^ .000004 



731200 ^ 17.66355 - .000004 « 17.66351. ' 

3 12 

You might wonder how far to carry out the division 
error of x is given by 



The 



(Z X)^ 

®3 '^^i 



a - X a Z 



=3 Z - 



n 



z n 
-2 "^z • 
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In this example z = 1,77 and ^ = = 1.762 . vmen S. 

is carried out far enough so its digits begin to differ from the 
digits of z, we can find z - x. In this case 

z - X = I (z - "I )= •!( 1.77 - 1.762) = .004. 

Now we can find e^ approximately; 

Thus we know that if we continue the division, to six decimal 

z 

-places and average, the error will occur in the sixth decimal 
place. 



Answers to_ Problem Set ll-Sb; pages 306-308: 
1. (a) ^796 =>/7.96 X 10^ p = 3 q = 

^ 2.82 

^/jse 28.2 

(b) ^/73 p = 9 q = 

^ 8.56 

■v/73 ~ 8.56 

(c) 2.97 
(d) 

(e) 0.0763 

(f) 3170 



[page 306] 



333 



(a) yo. 00^70 =:>A7 X 10"^ 

*• 
> 


P 


^ P 


P + q 
2 


7 


6.71 


6.86 


Vo. 00^70 ~ 0.06856 


6.9 


6.812 


6.856 


(b) yo.273 =v/27.3 X lO'-*- 
>/0.273 ~ .5225 


P 


q_ 2Ii^ 

^ P 


R + q 

2 


5 


5.it6 


5.23 


5.2 


5.250 


5.^25 



(c) 72.66 

(d) 1.772 Note: The thousandths digit could be either 2 

or 3. Since the average is, after the 
first approximation, always hlghj it is 
better to "round dovm". 

(e) 265.1 

(f) 708.5 

(a) y 0.0072 = r/72 xVlO"^ 

^ 8.485 X 10"^ 
Z .08485 

(b) 7720000 ~ 848.5 

(c) 7772 ~ .8485 

(d) v^0.08 ^ .2828 

(e) v'SOO ~ 28.28 

(f ) ^^8, 000, 000 ^ 2828 

You may wish to do more than this with square root tables. 
We did not, however. Include a square root table in the text 
because some teachers prefer not to use one at this point. 

(a)' x^ = 0.0124 

X a^/0.0124 or X = ->/0.0124 

The truth set is (v' 0.0124, - Vo.0124). 

'/0.0124 Z 0.112 

[page 307] 
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Thus approximations for the elements of the truth set are 
0.112 and .-0.112. . 

(b) 22.9 and -22.9 

5. 36l feet 

6. 12 feet. The nearest foot. 

7. 8.45 cm 



Answers to Review Exercises; pages 308-311: 

/3 (g) -y/l 

xlv^ (h) aVc^ 

12 (1) 2 + 2^/3 

(f ) 2-2^3 

(g) 3 V~2- 

(h) -4x-v/2xy and x and y are 
both non-negative 

(i) iv^+ 1 



1. 


(a) 


2V3 (d) ■ 




(b) 


1 




(c) 


2-/2a and a 0 (f ) 


2. 


(a) 






(b) 


10 




(c) 


2|a + b| 




(d) 


3^«2^ and a and b 






are integers 




(e) 




3. 


(a) 


2lal V5~ 




(b) 


2 

2 




(c) 


1 




(d) 


"I'"' ^ ->■ 7lmlq^/2i 




(e) 


■|y3o 




(f) 


^/^^x^ and x ^ 0 




lOx 




(g) 


3p^y2" and p _^ 0 
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(h) - 2a If^ = 3^ '^^^ ) where a 0 

(i) 2Va+b^ 

(a) (4). Notice that = 2 is not a sentence if x < 0. 
Squaring both members of = 2 gives the equivalent 
sentence x = 4 but squaring both members of an equation 
does not always give an equivalent sentence. This fact 
will be studied in Chapter 13. 

(b) (64} 

(c) (v^, -72}. 

(d) all m such that -4 _^ m _^ 4 

(e) (8} 

(f) 2lxl + V^= 3 
is equivalent to 
2lxl +1x1 =3 

3|xl = 3 
1x1 = 1 
is equivalent to 

(x = 1 and X ^ 0) or (-x = 1 and x < O) 
Thus, the truth set is (1, -1) 

(a) i+-i = ^ ^ = 5 

(b) X +>/2 >>/2" for X > 0 

•(c) If -v/a^ + b^ = a + b , 

then a^ + b^ = (a + b)^ 

a + b'^ = a + 2ab + b 

0 = 2ab . 
But a > 0 and b > 0 so 2ab > 0. 
Thus 2ab = 0 and 2ab > 0 is a contradiction. 
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If -n/b^ + > a + b 



then + b^ > (a + b)^ 

P P 2 P 
a"^ + b"^ > a + 2ab + b'^^ 

0 > 2ab 

But 2ab < 0 and 2ab > 0 is a contradiction. 



Thus -\/a^ + b^ < a + b 

Notice that the student was not asked to prove the 
relation, but we Include the proof In case he Insists on 
a proof. 

(d) ^12 

(e) (-/m +yn)(ym -yn) = (m - n) for m > 0 and n > 0 

(f) |x| + 5 VTsB > (-x^). Notice that the left member Is 
positive and the right member Is negative. 



6. 


ysgio ~ 19.7 










7. 


73900 ~ 62.45 










8. 


(a) 


35 


(c) 


3^.23 


(e) 


35 




(b) 


62 


(d) 


3^ 


(f) 


32 + .02 


9- 


(a) 


10° = 1 


(c) 


10" + 2 


(e) 


10-5 . 




(b) 


10^ 


(d) 


10^ 


(f) 


10^" 


10. 


(a) 
(b) 


h 
5 

3b2 


(c) 
(d) 


2q3 

I 

5 


(e) 
(f) 


X + 1 
X - 1 

3 

2x 


11. 


(a) 
(b) 


all X such 

4^ 


that 


X < -6 

74 
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(c) all y such that y < 

(d) l-^'-re^ 

(e) 12} 

12. - n + 4l falls to give a prime for n = 4l, since then the 
sum of the last two terms Is zero. This leaves n , which has 
n as a factor. 

If an algebraic sentence is true for the first 4oo values of 
the variable, it is not certain that it is true for the 4oist. 

13. The average of n numbers a, b, c, ... is 

a. + b + c + ...to n niimbers ^ 
n 

If g is the "guessed average", then the average of the 

differences is 

(a - g) + (b - g) + (c - g) + ••• to n numbers 
rr~ ' : , 

a+b+c+ •••to n numbers - ng Commutative property of 
= n addition and the distri- 

butive property 

' a+b+c+ •••to n numbers ^ Distributive property and 
= n ^ the multiplication prop- 
erty of 1 

When we add this average of the differences to our "guessed 

average" g, we have 

a + b + c + ••• to n numbers,. g + g 



a. + b + c + • • • to., n >.nunib.grs^ >' 

~ n .. "kit'* . 

and this is the average. 
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195 • 


- 200 




-5 


205 • 


- 200 




5 


212 • 


- 200 





12 


201 ■ 


- 200 




1 


198 . 


- 200 




-2 


232 - 


- 200 




32 


189 ■ 


- 200 




-11 


178 • 


- 200 




-22 


196 - 


- 200 




~k 


20h. . 


- 200 




h 


182 - 


- 200 




-18 



Smi of the differences is -10. 

o 

Average of the differences = — 

Adding this to 200 gives 199^ 
for the team average. 



14. If the rat weighs x grams at the beginninjg of the experiment 
it will weigh ^x grams after the rich diet and ^(^x) at the 

end of the experiment. Thus, the difference' is -i^x - x =-j5X 
grams. 

15. If X is the niimber of quarts of white paint, then 3x Is the 
nvimber of quarts of grey paint and 

X + 3x =3 7*4 
4x = 4-7 

X = 7 3x = 21 

Thus the man bought 1 gallon and 3 quarts of white and 5 
gallons and 1 quart of grey. The infoi^mation on the cost of 
the paint was unnecessary. 

16. Proof: Either -/a < yF , = -/^ , or ya > . 

Assume -x/a* < -y/h 

then a < b If x < y then < y^ 

a < b and a > b is a contradiction 

Assume -/a"= 

then a = b 

a = b and a > b is a contradiction 

Thus ya > yr 

[pag'=^ 311] 



76 



339 



Chapter 11 
Suggested Test Items 

Describe the set of numbers for which the following name 
real numbers. 



(a) yii 
(b) 

(c) ^ 
Simplify 

(a) -JW 

(b) V8" 

(Ovf 



(a)v^ 



■a^b 



(c) 



f) y/1 + m 

d) V2k 

e) ^ 
V3 

f) y? yis 



Simplify assuming that all variables represent positive numbers, 



f) >/2(/2 -yiB)x 



X 



(a) If yS" is a rational number, what kind of number is a? 

(b) If a and b are different positive primes, what kind 
of number is -/ab ? • 

If ^85 9.219 and VS. 5 ~ 2.939, find approximations for 

fa) y 0.0085 (c) y 85000 

(b) •/850' (d) 7785" 



ERIC 



6. Explain, using an example, that.^/^=: ~ Is not a sentence 
for a < 0 and b ^ 0. 

7. Explain why Is meaningful only If x ^ 0, 

8. Is VvjSh rational or Irrational? Explain. 

9. Simplify each of the following: 

(a) ViS ^20 (c) ^ 

y|§ (d) 720+^15 
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POLYNOMIAL AND RATIONAL EXPRESSIONS 

In this chapter, factoring of expressions is introduced by 
using the analogy with factoring of positive integers as motivation. 
The way was prepared for this in' Chapter 10. An important point 
Is that factoring of rational numbers becomes significant only when 
the problem is restricted to the integers. In factoring express- 
ions, the class of rational expressions corresponds to the system 
of rational numbers, and the cp.ass of polynomials corresponds to 
the system of integers. The intended implication here is that the 
rational expressions do constitute an algebraic system with the 
polynomials as a sub-system. 

Although the following discussion is not for student consump- 
tion, it is important for the teacher to landerstand the algebra of 
expressions. 

Consider, for example, the distributive property: 

a(b H- c) = ab + ac 

We have always londerstood a, b, c to be real numbers, so that we 
are dealing with an assertion about real numbers. Trie assertion 
involves two phrases "a(b + c)" and "ab + ac" and enables us 
to replace either phrase by the other, in any statement about real 
numbers, without altering the validity of the statement. However, 
suppose we forget, for the moment, that we are talking about real 
numbers (as was commonly done at one time in elementary algebra). 
Then the distributive property (or "law") becomes a "rule" for 
transforming algebraic expressions, t.hat is, a rule in the "game" 
of "symbol' pushing". Prom this point of view, the various fund- 
amental properties, with which we have been working, constitute 
the complete set of rules of the game. Attention is thus shifted 
from the system of real numbers to the language used to talk about 
the real numbers. Although blind symbol pushing is highly un- 
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desirable, it is a fact that we do work with expressions from this 
point of view. This is what we are doing whenever we discuss the 
fotTTi of an expression. The difference is that symbol pushing at 
this level is not mechanical but 1g with reference to an algebraic 
system. We shall now describe more carefully this system. 

In the first place, we "add" and "multiply" expressions 
by use of what we have called "indicated" sums and producl;s. Thus, 

A and B are expressions then A + B and A«B^ are also ex- 
pressions. We also write A = B provided for each permitted value 
of each variable involved in A and B, the numerals "A" and "b" 
name the same number. This is actually a definition of equality 
for expressions. In some books, this kind of equality is called 
identity. With these agreements, the following basic properties 
could be found for expressions and have, in fact, been used many 
times in the course: 

1. If A, B are' expressions, then A + B is an expression 

2. If A, B are expressions, then A + B = B + A. 

3. If A, B, C are expressions, then (A B) + C = A + (B-KJ). 

4. There is an expression 0 such that A + 0 = A for every 
A. 

5. For each expression A, there is an expression -A such 
that A + (-a) = 0. 

6. If A,B are expressions, A«B is an expression. 

7. If A, B are expressions, AB = BA. 

8. If A, B, C are expressions, then (AB)C = a(BC). 

9. There is an expression 1 such that A-1 = A for every 
A. 

10. For each expression A different from 0, there is an 
expression j such that A*j = 1. 

11. If A, B, C are expression, then" a(B ,+ C) = AB + AC. 
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Thus we see that the class of expressions satisfies the 
axioms for a field . The smaller class, consisting of Just the 
rational expressions, also satisfies these properties. The class 
of all polynomials (or all polynomials in one variable over the 
Integers) is a sub-system of the "class of rational expressions and 
has all of these properties except Number 10, Notice also that 
the rational numbers satisfy all of these properties, and the 
integers satisfy all except Number 10 — hence, the parallel be- 
tween rational expressions and polynomial, on the one hand, with 
rational numbers and integers on the other. 

Once these general properties are established, we can study 
rational expressions and polynomials as algebraic systems in their 
ovm right independently of their connection with real numbers. 
This is symbol pushing par excellence . Ouj? work with factoring, 
simplification of rational expressions and division of polynomials 
forms a small fragment of the study of these general systems, 
although we have not presented it explicitly as such. This way of 
looking at the language of algebra, which is implicit in much of 
what has gone before and actually comes out into the open in the 
present chapter, will turn up frequently in later coxorses in 
algebra. A good student automatically shif-ts to this point of 
view about algebra as he matures. However, if this occurs before 
he understands, at least intuitively, that an algebraic system is 
involved, only confusion will result. This is why it is important 
to go back to the real numbers whenever students show sighs of 
mechanical manipulation of symbols. For further discussion see 
Studies in Mathematics, Volume III, pages 6.1-6.8. 



12^1 Polynomials and Factoring * 

Most of the work in the chapter is V7ith polynomials over the 
integers. The definition of polynomial over the integers and a 
statement of the problem of factoring are given ir this section. 
The problems in this section are primarily concerned with bringing 
out these Ideas rather than with developing the techniques of 
factoring. The latter are dealt with in the next five sections. 

[page 313] 
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Page 31k* If we were being very careful in our language, we should 
replace the word "integers" by "nijunerals for integers" in the 
definition of polynomial over the integers. Since there can be no 
doubt about what is intended here, we choose to keep the definition, x;;- 
as simple as possible. 

The usual definition of polynomial (in one variable x) is that 
it is an expression of the form 

+ ^n-X^"""^ + ... + a^^x + a^. 

With this defini-tlon, the expression (x^ - l)(5x - 5) is not a 
polynomial but is an indicated product of polynomials. On the 
other hand, we usually want to call this a polynomial because we 
have in m:lnd the fact that it can be vfritten as a^ polynomial: 

(x^ . l)(5x - 5) = 3x^ - 5x^ - 3x + 5. 

This sentence can be thought of as a defintion of multiplication ■ 
for polynomials, as defined above, since it specifies what poly- 
nomial is indicated by the given product. Addition of polynomials 
can be looked at in a similar way. 

In our development it was more natixral to regard a much wider 
class of expressions as polynomials. Then the definitons of addi- 
tion and multiplication are obvious, and an equation much as the 
above may be thought of as a definition of equality . 

These two points of view, althoiigh conceptually different, 
amount in practice to exactly the same thing. The only real diff- 
erence is in the way we think about rather than the way we work vjith 
expressions. Thus we can always simplify one of our polynomials 
(in one variable) to the special form indicated above and think of 
the given polynomial as represented by its simplified form. In 
addition to lending itself better to the informal treatment of 
polynomials which we wanted to give, the definition we use also 
makes it easier to discuss polynomials in several variables," 
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Ansv/ers to Problem Set 12-la; pages 315-316 : 

1. (a), (c), (d), (e) are polynomials over the integers 
(b)^ (f) are poljmomials over 

tha rational numbers. 1 c.^^. section 12-6. 

(g) IS a polynomial over the reals J 

(h) is not a polynomial at all. However^ notice that 

Ixl 4- 1 can be described using polyn.omials : 



Ixl + 1 = 



A better example here is the expression^ (ix!) ^ 
v/hich is not a polynomial but can be vrritten as a 
polynomial: (ixl) =x . This is analogous to 

xfx^ 4- 1 ) 

^ ^ ^ which is net a polynomial but can be 
X"" -I- 1 

v/ritten as a polynomial, naunely, x. 

2. (a), (c), (d) are polynomials over the integers, 
(b) is a polynomial over the rationals. 
(e), (f), (g) and (h)'are not polynomials of any- kind 
under our definition. Hov/ever, since 

' 2 means the same as (x + would not be 

objectionable, to admit (f) as a polynomial over 
the rationals. The point here is that 

g y = (x -I- y)*^^ by definition, rather than by 

use of any properties of real numbers. On the other 
hand, v/e would not wish to regard (h) as a poly- 
nomial in spite of the fact that it can be written 
as a polynomial: 



M^LJL^il = 3(u + v). 
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(a) 2x^ - 4x (e) - 

(b) x^y - 2xy^ (f) + 4x + 4 

(c) i.;^ + t - 6 (g) l8t^ - I5t - 88 

(d) ^ f^Vz (h) y2 + y - 2 

All are polynoraials over the integers except (d) 
and (e) which are over the rational numbers, 

4. (a) 0 (d) + u - uv 

(b) a^ - 2 (e) 2 + 2s - 6st 

(c) 5su 5sv (f) 2x^ - 5xy - 2y^ + 5y - 2 
All are polynomia-ls over the integers although the 
two factors in (b) are not over the integers, 

5. Yes! We hope that this will be obvious to everyone. 
The point in mentioning it is to suggest that we are 
dealing with a system , 

6. No J However, It may be possible to write such a quotient 
as a polynomial. See, for example, part (h) of Problem 2, 
The idea here is t'o suggest the fact that polynomials as 

a system are not closed under division although some 
rational expressions can be written as polynomials. 



Answers to Problem Set 12- lb ; pages 318-319: 

1. (a), (b), (e), (f), 

o 

(c) is a case of factoring s - 5 as a polynomial over 
the real numbers, 

(d) is a case of factoring Jt - 5 as a polynomial over 
the rational numbers. 

2. (c), (d), (f) 

In (a), (b) and (e), polynomials over the integers are 
factored but the factors are not even polynomials. 

[pages 315-316, 3l8] 
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(a) 

(b) a polynomial over the rational numbers Is factored 
Into polynomials over the rational numbers. 

(c) and (d) are not factored at all. 

(e) The second factor is not a polynomial. 

2(e) (|t| + l)(|t| - 1) = (|t|2 - 1) = t2 - 1 
(a), (e) 

(a) a(a + 2b) (d) 3xz (x - y) 

(b) 3(t - 2) (e) a(x - y) 

(c) a(b + c) (f) 6(p - 2q + 5). 

(a) z2(z + 1) 

(b) 15 (a^ - 2b) ^ ■ 

2 2 

(c) X (l - X ) is the result expected. \ Some may obtain 



X (1 + x)(l - x), which is technically correct 
since the distributive property is certainly in- 
volved. 



(d) 


a(a^ - 2a + 


3) 






(e) 


6(x^ - 24y - 


- 25) 


is expected. 


(f) 


y(5x + (x - 


"\ 


or y(J!x - 3). 


(a) 


2^(2 + 1) - 




(e) 


" 6r'^s(x - y) 


(b) 


aS^(a + b . 


- 1) 


(f) 


(u^ + v2)(x - y) 


(c) 


No factoring possible 




(d) 


ab(x - y) 




(s) 

(h) 


(x - y)(4x - y) 


(a) 


1, 1, 2 




(f) The degree of the product 


(b) 


2, 1, 3 






equal to the sum of the 
degrees of the factors. 


(c) 


3, 2, 5 








(d) 


0, 5, 5 








(e) 


2, 4 









[pages 318-319] 
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12-2. Factoring by the Distributive Property , 

All non-trlvlal factoring of polynomials Involves the dls- 
trlbutlve property as well as the various other properties of real 
numbers. However, the problems In this ^section Involve the distri- 
butive property In an especially straightforward and explicit way. 
This factoring Is often referred to, as "removing common (monomial, 
etc. ) factors." 

Example 4. There Is an opportunity In this example to emphasize 
one of the most Important uses of factoring, namely, to solve 
polynomial equations. Since students like to solve equations, 
this should help stimulate their Interest In factoring. 

Answers to Problem Set 12-2a ; pages 321-322; 

1. 5xz(2x - y) over the integers 

2. 5st(5 - u) over the integers 



5. 56 (4x - 6s + 5y) over the Integers 



4. ^(2u^ - 5uv H- 5v) 



P 2 

5. -xy (x - 2x - 1) over the integers 

6. ^t>(6 + 10a - 21b) 

7. s-/5(l + s v^) 

8. — ^(5a - 4b) 
6 -/2 

9. no common factor 

10. (a + 5)(x - 1) over the Integers 

11. (x -i- 5)(x +1) over the Integers 

12. (u + v)(x - y) over the Integers 
15. (a - b)(a + b) over the Integers 
14. (x + y)u over the Integers 

[pages 320-322] 
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15. 0 over the integers 

16. (x + y)(3x - 5y + l) over the Integers 

17. 3a (2 + 5b) 

18. 1x1(3 + 2a) 

19. 7yl:x:l(l - 3y) 

20. (u + v)(r - s) over the integers 

21. (a + b + c)(x - y) over the integers 

22. (a + b + c)x over the integers 

Page 323 . It is necessary to emphasize that factoring involves 
writing the given polynomial as a product of polynomials. Stuns of 
products do not count. 

Answers to Problem Set 12-2b ; pages 324-325: 

1. a(x + 2) + 3(x + 2) = (a + 3)(x + 2) 

2. x(u + v) + y(u + v) = (x + y)(u + v) 

3. a(2b + a) + l(2b + a) = (a + l)(2b + a) 
k. 3s(r - 1) + 5(r - l) = (3s + 5)(r - l) 

• 5. x(5 + 3y) - 1 (5 + 3y) = (x - l}(5 + 3y) 

6. 0 

7. a(a - b) + c(a - b) = (a + c)(a - b) 

8. 't(t - 4) + 3(t - 4) = (t + 3)(t - 4) 

9. not factorable 

10. (2a - 3b) (a - by3) 

11. 3x(5a + 4b 3c + 2d) 

12. 2(a - b) + u(a - b) + v(a - b) = (2 + u + v)(a - b) 

13. x(u + V - ; + y(u + V - w) = (x + y) (u + V - w) 

■ 14. ^(a.- 4x) + 2b(a - 4x) + 3c(a - 4x) = (a + 2b + 3c)(a-4,x) 

[pages 322-325] 
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15. |(3xy - 6ay + bx - 2ab) = |p(x - 2a) -i- b(x - 2a) j = 

§(3y + b)(x - 2a) 
. 16. x^ + 3x + X + 3 = x(x +3) + l(x + 3) = (x + l)(x'+ 3) 
17. a^ - ab + ab - b^ = a(a - b) + b(a - b) = (a + b)(a - b) 

12-3. Difference of Squares . 

Answers to Problem Set 12-3 ; pages 327-329: 



1. 


(a) 


a2 - 4 


(e) 


a - b 




(b) 


l^x^'' . y2 


(f) 


2 .2 
X - a 




(c) 


mV - 1 


(g) 


2x^ + 3xy - 2y^ 




(d) 


9x^y^ - hz^ 


(h) 


tP + r^s^ - rs - s-^ 


2. 


(a) 


(2x - l)(2x + l) 


(d) 


(1 - n)(l + n) 




(b) 


9(3 - y)(3 + y) 


(e) 


(5x - 3)(5x + 3) 




(c) 


(a - 2)(a +2) 


(f) 


4(2x - y)(2x + y) 




(a) 


(5a - bc)(5a + bc)(d) 


4x(2x - l)(2x + l) 




(b) 


5(2s - l)(2s + l) 


(e) 


4(2x - l)(2x + l) 




(c) 


6(2y - z)(2y + z) 


(r) 


(7x2 _ ^)(,^^2 




(a) 


(x - 2)(x + 2) 


(d) 


not factorable over the 










integers - 




(b) 


not factorable 


(e) 


3(x - l)(x +1) 






over the integers 








(c) 


(x2 + 2)(x2 - 2) 


(f) 


(4x2 ^ l)(2x - l)(2x + 1) 



88 

[pages 325, 327] 
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(a) (a - 2)a (d) 0 

(b) 2a - 3 not (e) (x - y)(x + y - l) 
factorable over 

the Integers 

(c) ^ ran (f) (x - y)(l - x - y) 

(a) - 9 = 0 

(x - 3)(x + 3) = 0 
t;- ■ is equivalent to 





X - 


? = 0 or 


X ^- 3 = 0 






The 


truth set 


is [-3,3} 




(b) 




-1' 


(e) [0, 


1 

2' ~ 


(c) 




-1' ■ 


(f) i2i 




(d) 


[2, 


- 2) 


(g) [2, 


- 2) 



(h) (1, - 5) 

(a) 396 (e) 9999 

(b) 1591 (f) 2000 mn. 

(c) 884r (g) 1584m^ - 1584n^ 

(d) 391xy (h) 158'l 

(a) 899 = 30^ - 1 = (30 - l)(30 + l), thus 899 is 
factorable . 

(b) 1591 = ^0^ - 3^ = (^0 - 3)(^0 + 3), thus 1591 is 
factorable . 

(c) 391 = 20^ - 3^ = (20 - 3)<20 + 3), thus 391 is 
factorable . 

(d) 401 = 20^ + 1, can not tell by difference of squares 
factoring. By prime factorization methods we see 
that 401 is not divisible by 2,3,5,7,11,15,17, or 19. 
Thus 401 is prime. 
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*9. The reciprocal' of 2 - -Z?" Is 2 + and vice versa. 

Here Is an example of a pair of numbers which are reclp- 
rocals but one Is not the other "turned upside doim". 



(a) 


^(5 - 72) 






7 + 

2 




(c) 


- |-, notice yr Is 


rational 


(d) 






(b) 


(t + l)(t^ - t + 1) 




(c) 


(s + 2)(s - 2s + 4) 




(d) 


(3x + l)(9x^ - 5x + 


1) 


(b) 


(t - l)(t^ + t + 1) 




(c) 


(s - 2)(s^ +23+4) 


(d) 


(2x - 1) (Hx^ + 2x + 


1) 



12-4. Perfect Squares , 

2 

Page 330. Example !• A quadratic polynomial x -i- px + q 

v/here p and q are Integers Is a perfect square If and 
only If ~" 

(1) q Is the square of an Integer m. 

(2) either p = 2m or p = - 2 m. 



Ansv/ers to Problem Set 12-4a; pages 331-332: 

1. • (a) 9 ^ (1) 5 

(b) 16 (j) 2 ^/^, zero should also be 

accepted. 

(c) 56 (k) 2 5 could be accepted 

(d) t^ U) ^2 
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(e) 


2 

X 


(m) 


I6v2 




(f) 


lOu 


(n) 


56xy 




(r) 


12s 


(o) 








9 


(p) 


6(x - 1) 




(a). 


(c), (d), (e), (g), and (h) are perfect squares 


(a) 


(a - 2)2 


(k) 


5(4 - x) 






(2x - 1)2 


(/) 


not factorable over 


the 








integers . 




(c) 


(x - 2)(x H- 2) 


(m) 


not factorable over 


the 








integers . 






not factorable 


(n) 


not factorable over 


the 




ovei* tne j-niyegex's. 




integers • <■ 














(f) 


7(x -h 1) 


(P) 


(s + 5) 




(g) 


not factorable 


(q) 


(t - s - 2)(t + s) 






over the integers 








(h) 


(2z - 5)^ 


(r) 


(x - l)2(x + 1)2 




(1) 


not factorable 


(s) 


( z2 + 8)2 






over the integers 








(J) 


(5a'-' h)ipa - 2) 








(a) 


x2 + 6x + 9 




2 2 
X - 2xy 4- y 




(b) 


x2 - 4x + 4 


(f) 


x2 _ 2x + 1 - a2 




(c) 


x2 + 2 X + 2 


(g) 


x2 _ 2x + 1 - a2 




(d) 


? 2 
a + 2ab + b 


(h) 


5 H- 2 y6~ 








(i) 


10o2 + 2'100-1 + 1 


= 10,201 



Page 333 , Example 4^. The method of completing the square^ is 

touched on again in Section 12-6 for polynomials over 
the real members. It is also used in Chapters l6 and 17 
in connection with graphing quadratic polynomials and 
functions. , 

[pages 331-332, 333] 
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Example ^. Notice that we have proved that the truth set 
of this equation Is empty. In other words, we do not 
conclude that It is empty Just because we are \jnable to 
find solutions by our methods of factoring. 

This example points out the connection between "factor- 
ing a polynomial over a set" and "solving the corres- 
ponding polynomial equation". If a polynomial equation 
has solutions which are Integers, then the polynomial 
over the Integers can be factored, and conversely. If 
the polynomial equation has solutions which are real 
numbers, then the polynomial over the real niombers can be 
factored, and conversely. Thus, if a polynomial equation 
has an empty truth set, the polynomial cannot be factored. 

- i O 

The conclusion in Example 5 is that x - 8x + l8 cannot 
be factored over the real numbers. 



Answers ' to Problem Set 12-4b ; page 334: 

1. (a) x^ + 4x + 4 - 1 = (x + 2)^ - 1 

= (x + 2 - l)(x + 2 + 1) 
= (x + l)(x + 3) 



(b) 
(c) 
(d) 
(e) 
(f) 



(x - 
(x - 
(x - 
(x - 
(x - 



4)(x - 2) 
4)(x + 2) 
6)(x - 4) 
12)(x +2) 
if - 4(x 



.1) + 4 - 9 



= ((x-l)-2)2.32 




= (x - 3 - 3)(x -3+3) 
= (x - 6)x 
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2. (a) p = 1 (d) none 

(b) p = 8 or - 8 (e) p = 4 

(c) all 

3. (a) - lOy + 25 = 0 

(y - 5)^ = 0 
is equivalent to 
y - 5 = 0 or y - 5 = 0 
The truth set is {5} 

(b) (|3 

(c) 9a^ + 6a + 4 = 0 

9a^ + 6a + 1 + 5 = 0 

(3a + 1)^ + 3 = 0 

(3a +1) is > 0 for every a. 

Thus the truth set is empty. 

(d) The truth set is (2). 

(e) The truth set is (0,2}.. 

(f) The truth set is ^. 

(g) The truth set is {k, - 2}. 

(h) The truth set is [k, 6}. * 



12-5 Quadratic Polynomials . 

This section, along with the preceding three sections, covers 
the standard techniques of factoring found in the usual elementary 
algebra course. Although these techniques are important, they are 
not ends-in-themselves. The ideas behind factoring should be 
brought, to the student's attention at every opportunity. The text 
contains many exercises designed to sharpen the student's factoring 
techniques. The ones you assign should be selected with care. Do 

[pages 33^-336] |/ 
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not swamp the students In a delixge of drill problems and do not 
avoid the "idea" problems. It Is a temptation to treat factoring 
In a mechanical way and so allow the students to fall Into the 
trap of blind symbol pushing. This danger is always present when 
techniques are emphaslzed,.^and It Is up to the teacher to maintain 
the proper perspective In tljlese situations. 

Page 337 , Example 2.- ^ i + .56 is also, not factorable be- 
cause 10 is too small. The smallest positive value of 
p for which + px 4- ^9 is factorable is l4 and 
this gives a perfect square, 4- l4x + 49 = (x + 7) • 

+ I5X 4- 49 is not factorable because I5 Is too 
small- 

The polynomial x^ 4- 40x 36 is not factorable be- 
cause 40 is too large. Similarly, x - 58x + 56 is 
not factorable because 58 Is too large, x^ - 50x + 49 
= (x - l)(x - 49). 50 is the largest absolute value p 
can have in order for x^ 4- px 4- 49 to be factorable. 
See Problems 4, 5^ 6, below. 

Answers to Problem Set 12-5a ; pages 337-339: 



1. (a) 


(a + 5)(a + 5) 


(b) 


(a - 5)(a - 5) 


(c) 


(a + 5)(a - 5) 


(d) 


(a - 5)(a +.5) 


2. (a) 


(t + 10)(t + 2) 


(b) 


(t + 20)(t + 1) 


(c) 


(t + 5)(t + 4) 


(d) 


not factorable over the Integers 
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3. (a) (a + ll)(a ~ 5) 

(b) (x 3(x - 2) 

(c) (u - 6)(u - 4) 

(d) (y - I8)(y + 1) 

(e) not factorable over the Integers 

i^. (a) .(x - 4)(x - 3) 

(b) -(x + 12)(x - 1) 

(0) -(x + 6)(x - 2) 

(d) -(x + 12) (x + 1) 

(e) not factorable over the Integers 

5. (a) (a - 8)2 

(b) not factorable over the Integers, 8 < 2 -/S^ 

(c) not factorable ever ths Integers. Since 2 Is a' 
factor of 36 and 64 = 2^, the 2»s must be split. 
32 + 2 < 36 and any other split gives smaller sums. 

(d) (a - 16) (a - 4) 

(e) not factorable over the Integers. 

6. (a) (X.3HX+3) 

(b) not factorable over the integers 

(c) not. ffl.otorable over the Integers 

(d) (h - .13) (h + 13) 

7. (a) (2 5 - 8)(z 5+1) or 

* (z - 2)( + 2 z + 4)( z + 1)( z 2 _ z +1) 

(b) (b^ - 7)(b - 2)(b +2) 

(c) (a - 3)(a + 3)(a - 2)(a + 2) 

(d) (y - 3)(y + 3)(y2 + 9) 
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8. (a) (a + 7)(a - 2) 

(b) not factorable over the integers. 

(c) (a - 12) (a - 9) 
108 = 2^-55 

5 is a factor of 21 but , 2 is not, so the 5's 
are split but the 2's remain in one factor. Thus 

(3-2^) + (5^) = 21 

(d) (a + 40)(a - 15) 

600 = 2.5-52 

Of 2,J>t and 5 only 5 is a factor of 25 so the 
5's are split but the 2'S must be in the same factor, 

Thus (2^.5) - (5-5) = 25 



9. 


(a) 


5(y2 


- 4y + 4) = 


5(y - 2)2 






x(x2 


+ I9x + 54) 


= x(x + 17) ( 




(c) 


5a(a 


2 - 5a + 6) 






(d) 


Ux 


- 5)(x + 5) 




10. 


(a) 


The 


truth set is 


{12, - 5} 




(t) 


The 


truth set is 


[5,2} 




(c) 


The 


truth set is 


(4,9) 




(d) 


The 


truth set is 


(0, - 6} 




(e) 


The 


truth set is 


(6,13 




(f) 


The 


truth set is 


C3, - 23 




(g) 


The 


truth set is 


C-i^,5} 




(h) 


The 


truth set is 
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\ 2 
!!• (a) If X Is the number, then x = 6x + 7 

The truth set Is [7, - 1} 

The number could be either 7 or -1. 

(b) If the width of the rectangle Is w Inches then 
the length Is w + 5 Inches and w(w +5) =84. 
The truth set Is [-12,7). 

Thus the width of the rectangle Is 7 Inches. 

(c) The number Is either 1 or 9. 

12, If the length of the bin Is x feet, then the width Is 
12-x feet and 70 x(l2-x)2. 

The length of the bin Is 7 feet and the width is 5 ' 
feet. 

13. The square Is 6 feet on a side and the rectangle Is 12 
feet J-ong and 3 feet wide* 

^l4. Assume that (x + m) (x + n) = x^ + px + q. 
Then, mn = q and m + n = p. 

Also, (x - m)(x - n) = X -(m + n)x + mn = x - px + q, 

*-15. X + px + 36 Is a perfect square for p = 12 or p = -12. 
12 Is the smallest value |p| can have for 

x^ + px + 36 to be factorable. Values of p for which 
p 

X + px + 64 is factorable are obtained as follows: 
Note that p = m + n where mn == 2 . 

m.n ^ ' m + n 

2^.1 65 

2^*2 3^ 

4 2 

2-2 20 

2^-2-^ 16 

Positive values of p are 16,20,34,65 and negative 
values are -16,-20,-3^^-65. The perfect squares are 
given by p = 16 or p -16. Note that 16 is the 

[page 339] 
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smallest value |p| can have. 

The student should be able to generalize the results in 

the two examples and guess that 2n is the smallest pos- 

2 2 

itive value of p for which x + px + n is factorable 

2 

and that this gives the perfect square, (x ^- n) . 

2 2 

The largest value of p for. which x + px + n is 
2 

factorable is n + 1, in which case 

X + px + n = (x + l){x + n ) 

The above results are special cases of the following 
general theorem, whose proof Is too difficult for all but 
the best students. 

2 

Theorem. Consider the quadratic polynomial x, + px + q, 
where p and q are positive Integers. Then, 

(1) The largest value of p for which the polynomial 
is factorable is q + 1. 

(2) The smallest value of p for which the polynomial 
is factorable is equal to m + n, where mn = q 
and m,n are as nearly equal as possible. 

Proof ; Assume that {r. 4- m)(x + n) = x + px + q. Then, 
m + n = p and r.in = q. Observe that 

(m + n) - (m - n) = 4 mn for all values of m and n. 

Therefore, p"^ = 4q + (m - n) . 

2 

It follows that p , and hence, p, will have its great- 

p 

est value when (m - n) is as large as possible. This 

obviously occixrs with the factorization q = q«l, giving 

p=m-fn=:q + l. 

p 

Similarly, p , and hence, p, will have its smallest 
value when (m « n) Is as small as possible, that is, 
when m and n are as nearly equal as possible. 
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to Problem Set 12~5b ; pages 343-346: 



(c) not factorable over the Integers. The only factors 
we have to work with are 1, 2, and 3 so. the max- 
imum sum is 7. 



(a) (3a + 7) (a - l) 

(b) (3a - 7)(a + l) 

(c) -(3a + 7)(a - l) 

(a) (4y - l)(y + 6) 

(b) (x + 8)(x - 4) 

(c) (4a - l)(2a + 3) 



(a) not factorable over the integers 



(b) (3x+l)(x-6) 

(c) 3(y^ + y - 2) = 3(y + 2)(y - i) 

(a) (3x - 2)(3x + 2) 

(b) (3x - 2)2 

(c) (3x + 2)2 

(a) (3a + 2) (3a - l) 

(b) 3a(3a + l) 

(c) 9(a2 +1) 

(a) 5(x - 3)(4x - 5) 

■(b) (5x + 9)(2x + 5) 

(c) (2x - 15) (5x + 3) 

(a) (6 + a)(l - 4a) 

(b) -(3x + l)(x - 6), 

(c) (7x - 2)(x +3) 

(a) (p + q)2 

(b) (2a - b)(2a - 7b) 



(a) 
(b) 



(x H- l)(2x + 3) 
(2x + l)(x + 3) 



(c) 



(5x - 7y)^ 
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10. 



11. 



12. 



13. 
Ik. 



■fit 



(a 
(b 

(c 
(a 
(b 
(c 
(d 
(e 
(f 
(S 
(h 



2a^(a^_ + 10a + 25) «= 2a^(a + 5)^ 

b(a^ - 9a + 25), a^ - 9a + 25 Is not factorable 

since 9 < 2 >/25" 

(2a + 5)(a +5) 

6(x - 25) (x +1) 

(x - 6)(6x + 25) 

6(x + 5f 

(x - 6)(6x - 25) 
p 

6x + 25x + 150 is not factorable over the integers 
(3x + 10) (2x + 15) 
•3(x - 2)(2x - 25) 
3(x - 2)(2x + 25) 



No. 

.2 



There is only one factor 2 in the coefficient of 
x~ and none in the constant term. Therefore, either 
the inside product or the outside product will have a 
factor of 2 but not both. Thus, the sum of the inside 
and outside products will be odd. 

3x^ + 5x - 12 = (3x - 4)(x + 5) 
2 



Yes. 

(a) 



Sx*^ + lOx - 3 = 0 
(te - l)(2x + 3) = 0 
is equivalent to 
ifx-l = 0 or 2x+3=0 



(b) 

(c) 



X = - ^ 

X - 2 



The truth set Is Cj> - ^) 



or 

The truth set Is 



The truth set Is 
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(d) - 4a + 15 is not factorable over the integers. 
If you vrrite 

a^ - 4a + 4 - 4 + 15 = 0 
(a - 2)^ + 11 = 0 

it become clear that the truth set Is empty. 



15. (a) The truth set is (0,^) 

(b) The truth set is (|, - j} 

(c) The, truth set is (-1, 3} 

(d) The truth set is (j, |.} 

16. (a) (w - 4)(w + 4) 
(b) (x - l)(x + 7) 

.(c) (y - l)(y + 7) 
(d) (a - 5 - 3b)(a - 5 + 3b) 

17. If X Is one of the numbers, then 15 - x Is the other 
number and 

+ (15 - y^f = 137 

x^ + 225 - 3OX + x^ = 137 

2x^ - 3OX + 88 = 0 

2(x^ - 15X + 44) = 0 

2(x - 4)(x - 11) = 0 

The truth set Is (4,11) ■ 

The two numbers are 4 and 11. 

18. If the width of the rectangle is w inches. Its length 

2 2 2 

Is w + 7 Inches and w + (w + 7) = 13 

+ (w + 7)^ = 13^ 

The truth set. is {5j -12). 

The width of the rectangle is 5 inches. 
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19. 
20. 
21. 



22. 



If n is one of the numbers, n - 8 is the other 
number and 

„ n(n - 8) = 84 . 
The truth set is (-6, 14} . i r 
The tv/o numbers are 6 and l4 or -6 and -l4. 

If q is one odd number, then q + 2 is the 
consecutive odd number, and 

q(q 'i- 2) = 15 ^- 4q . 
The truth set is (-3, 5). 

The numbers are 5 and 7 or -3 and -1. 

If Jim walked at the rate of x miles per hour Bill 
walked at the rate of x + 1 miles per hour. 
In one hour Jim walked x-1 miles and Bill walked 
(x + l)*l miles. Then 



The. truth set is (-4, 3] . 

Jim walked ab the rate of 3 miles per -hour and Bill 
v;alked at the rate of 4 miles per hour. 

If the length of the base of the triangle is b inches, 
its altitude is b - 3 inches and 



The truth set is (7, -4}. 

The length of the base of the triangle is 7 inches. 
If the width of the rectangle is w feet and 



The truth set is (12, 2}. 

The width of the rectangle is 2 feet and the length 
is 12 feet. 




|(b)(b - 3) = 14 . 



w(l4 - w) = 24 
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12-6. Polynomials over the Rational Numbers or the Real Numbers. 

The main Idea here Is that a polynomial, which Is not factor- 
able when considered as a polynomial over the Integers, maybe fact* 
orable when considered as a member of the wider class of all poly- 
nomials over the real numbers. In other words, factoring depends 
on the class of polynomials we have imder discussion. 

This is a good place to raise the question of whether or not 
the polynomial + 1 can be factored if we allow a wider class 
of polynomials. It can be pointed out that, in order to factor 

- 2, we had to pass from the rational numbers to the real 
numbers and, in order to factor + 1, we must pass from the 
real numbers to the complex numbers, which will be studied in a 
later course. Note also the corresponding problem of solving 
equations. The equation x^ - 2 = 0 does not have solutions if 

only rational numbers are" permitted, but does have solutions if 

2 

real numbers are allowed. Similarly, the equation x +1=0 
does not' have real number solutions but does have complex number 
solutions. 



Answers to Problem Set 12-6 ; pages v348-35l2 

(a) - i = |-(a^ - 2) over the rational numbers 

= |-(a - y^)(a +-/2) over the real numbers 

(b) 17u(l - 3u^) over the rational numbers 

17u(l - y3u)(l + ^3 u; over the real plumbers 

(c) |t^ - 3t^ + 4t = |t(t2 - 6t +8) 

= ^tit - 4)(t - 2) over the rational 

numbers. 

(d) ^t^ - 4t^ + at = |t(t^ - 8t +16) 

= ^t(t - 4)^ over the rational 

numbers 
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(e) a'^ - 16 = (a^ - ii){a.^ + 4) 

= (a - 2)(a + 2)(a^ + 4) over the 

numbers 

(f) i'x^ + 9 is not factorable over the reals. 

(a) 2x^ - 6 = 0 
2(x2 - 3) = 0 

2(x - ^^)(x + /T) = 0 

Is equivalent to 

(x - yi)(x +v^) = 0 

is equivalent to 

X =0 or X + ^"T = 0 

•The truth set is { v^} . 

(b) The truth set is {0, -/T, - V~2} 

(c) The truth set is (0) 

(a) x^ + 4x - 1 = (x^ + 4x + 4) - 1 - 4 

= (x + 2)2 . ( 73)2 

= (x + 2 - y3)(x + 2 + v^) 

(b) x^ + 4x + 2 = (x^ + 4x + 4) + 2 - 4 

= (x + 2)2 . ( J-2f 

= (x + 2 - yT)(x + 2 +/D 

(c) x2 + 4x + 3 = (x + 3)(x + 1) 

(d) x2 _ 6x + 6 = (x2 _ 6x + 9) + 6 - 9 

= (x - 3)2 - ( v^)2 

= (x - 3 - y5)(x - 3 +v^) 

(e) y2 _ 5 = (y _ 75) (y + ^/5) 

(f) (z - 6 - yT)( z - 6 + y^) 

(g) (s - 5 - 2 76") (s - 5 + 2 ^/T) 

(h) 2(x - 2 - y5)(x - 2 + 75") 
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- 4y + 2 = 0 
(y2 _ 4y + 4) + 2 - 4 = 0 
(y . 2)2 . (^2)2 = 0 
(y - 2 -A/2)(y - ^ + -Ti) = 0 - 
y w 2 - '/2 = 0 or y - 2 + = 0 
y = 2 + or y = 2 - J~2 

The solutions are 2 + and 2 - %/~2". 

The solutions are 3 + and 
The solutions are 5 + -/ae" and 5 - -/ 26, 
There are no solutions. 

I (e) It 

1 

(a +1- +1+ 

(yW|- ^)(y .1-^ ^) 

(X ■- I - y?)(x - I + ^) 

not factorable over the real numbers 

The truth set Is [-| - - | + ^) 

The solutions are 2. + 2^!^ and ^ - — rr^. 



The truth set Is t |* - 

The solutions are - 1 and -i 
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*8. (a) 2x^ - 12x - 5 = 2(x^ - 6x - J) 
- ■ = 2(x^ - 6x + 9 - 9 - !•) 



= 2 ((x - 3)2 - 
= 2 (x - 3— /foU - 3 +'s/f) 



(b) 3(y + ^)(y ^) 
^9. (a) [3 -rV^, 3 -V^ 

(b) [1 1 .yi) 



12-7 The Algebra of Rational Expressions , 

As the title of this section Indicates, we hope that the 
student has begun to feel that, in working with expressions such 
as polynomials, he is dealing with a. system. It may be natural to 
bring this point out in class if the opportunity should arise, 
although it is probably not a good idea to make an issue of it at 
this time. The better students, at least, should already be aware 
that our work with expressions is based on operations of addition 
and multiplication which have some of the same properties as the ■ 
corresponding operations for real numbers. Since we have empha- 
sized many times that these operations and their properties are 
what give the real number system Its structure, these students 
-Should be . about ready to think of the system of . expressions. In^^^^ .-^ 
vbhis more sophisticated way. ... - - 
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The analogy between rational expressions and rational numbers 
and between polynomials and integers should be emphasized. 

Notice that zero (as well as 5» for example) is a rational 
expression. In fact, zero can even be thought of as a polynomial 
over the integers. If A and B are rational expressions, then 
A + B, A - B, AB are obviously rational expressions. Also, ^ 

is a rational expression if B cannot be written as the zero ex- 
pression. However, there may be restrictions on the domains of the 
variables involved in B in order to avoid division by zero. As 
an example of an expression which can be written as the zero ex- 
•pression, we have the expression 

(x + y)(x - y) + y^ - x^ 

Since 2 

(x + y)(x - y) + y'' - X =0 

for all values of the variables x and y, an expression such 
as 

X + y ^ 

(x + y)(x _ y) + y - x 

is not a numeral for anjr values of the variables and therefore 
cannot be admitted as a rational expression even with the conven- 
tion of restricting the domain of variables. The expressions which 
can be written as the zero expression are precisely those express- 
ions which represent the number zero for all values of the vari- 
ables. In other words, they are "equal to zero" in the sense of 
the definition mentioned in the introductory comments on this 
chapter. 
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Answers to Problem Set 12-7 ; page 35^: 

1. ^ - ^ = rr-^r-T ^ ^ ^ and X ;^ -1 
x'^ - 1 X + 

2. If y 1 

3. If X 7^ 6, X ;^ -1 

4. If b ;^ 1, b ;^ - 1, a ;^ 0 

5. + + If X 3, X . 1 , ^^0 

6. 1 if X ;^ 1, X ;^ - 1 . 



12-8. Simplification of S^jms of Rational Expressions . 

Answers to Problem Set 12-8 ; pages 357-358: 

^ 5^ - ^ 5 5x X 

15 2x j 5 - 2x 

= 5" " 2 — 

5x 5x 5x 

a'''F'^c~a bc^F ac cab 

_ be , ac ab _ be + ac + ab 
~ abc abc abc abc 

, 1 1 o 1.2 l.a5.2a^ 

_ 2 a Ma^ _ 2 - a - 4a^ 



X - 1 ^■'•"x-l'^x-l" x-1 x-1 
.[pages 35^ 357] 



2a^ 23."^ 2sr 2a 

. x-1 5 + X - 1 4 + X 
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. m - 2 



. m - 1 



5* m - 1 ■*" m - § ~ m - 1 m - 2 "*" m - 2 m - 1 

j>m - 6 + 2in - 2 5m - 8 

= (m - l)(m - " (m - lUm - 2; 



6. 



X 



X 



X 



X - 



7. 
8. 

9. 

10. 

11. 

12. 
15. 

Ilk 

15. 
16. 

17. 
18. 



X + 5 ~ X - 3 X H- 5 X - 

V +"5)(x - 5) 

5m - n 
Xm - n)n 

2 2 
X - 2xy - y 

U - y/lx + y) 

12 x - 21 
-a + 5t) 



x^ - 3x x^ - 5x ^ _ 8x 

(x + 5MX - 3j 



(a - b)'^ 
7a - 7b + 6 



(a - b) 



5xU ?2) 

6a - 10 
au - + i) 

8x •- 1 
(x - 2.)^ (x + 5) 

2y^ 



aXa+T) 

b H- 2 
2lb - 5; 



[page 357] 
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5 + 2x 

x(x - i; 

lla + 65 

X - y 
ab 

X ^ 3 
3 

The set Is closed under these operations. We hope that 
the student Is beginning to appreciate that he is dealing 
with another system. 



12-9. Division of Polynomials . 

The fundamental Idea In this section Is represented by the 
following property of the system of polynomials: 

Let N and D be polynomials with D different from zero. 
Then there exist polynomials Q and R with R of lower 
degree than D such that N = QD + R, 

This property is analagous to the following property of the system 
of Integers; 

Let n and d be positive integers with d different from 
0, Then there exist positive integers q and r with r 
less than d such that n = qd + r. 

The similarity of these properties accounts further for the 
parallel between polynomials and integers*. Just as the division 
process in arithmetic is a systematic procedure for obtaining the 
integers q and r, the division process for polynomials Is 
simply a systematic .procedure for obtaining the polynomials Q 
and R. 

The technique of division should not be allowed to obscure 
the idea behind division. Of mathematical importance here are the 
structure properties of the system of polynomials which are Implied 

[pages 357-358] 
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24. 
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by the existence of Q and R. This Is another case In which a 
standard technique In elementary algebra must pay Its way by carry. 
Ing along some Important mathematical Ideas. 



Answers to Problem Set 12-9a ; page 362: 

1. (a) -12a^ - ^a + 12 

(b) -2x^ - 2x^ - 7x + 8 

(c) -2y^ + - 5 

2. (a) 15a - 20 

(b) - lUc^ - 6x - 6 

(c) 2y^ + lly - l6 

(d) 9 



Answers to Problem Set 12-9b ; page 363 : 

1. X - 2| 2x^ - J^x + 3 = 2x(x - 2) + 3 
2x^ - 



Thus 2x^ - J^x + 3 = 2x(x - 2) + 3 
2x^- '^x + 3 _ pv 4. 3 



2. kx.^ - J^x - 15 = (2x - 5)(2x + 3) 

c.v,H - i^x - 15 _ c 
2x + 3 = 2x - 5 



3. 2x^ - 5x^ - 8x + 10 = (x^ - J^x + 2)(2x + 3) + 

ov,^ 2x^ - 5x^ - 8x + 10 2 1,^ ■ p ■ 

and 23rT^3 = - ^^x + 2 + + 3 
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and 



J^. 2x^ - 2x^ + 5 = (2x^ + lOx + 60) (x - 6) + 365 
^V-^^ ^ = 2x2 + lox + 60 + ^ 



and 



5. ^. - Sx'' + 2 = (2x'' + 2X'^ + Jx'' - 2x - 2)(x - l) 

f -"1^''^ ^ = 2x^ + 2^^ + 3x2 . 2X - 2 



.2 . „ . . ,..2 



6. 3x^ - 2x2 + + 5 r-2 _ X + 5)(3x + l) 



3x^ -• 2x2 ^ 
5x + 1 



a = X- - X + 5 



Answers to Problem Set 12-9c ; pages 364-365: 



1. X - 3 I x^ - 3x2 + - 1 

■5 2 • 

x'^ - 3x 



2 

x'^ + 7 



7x - 1 
. 7x - 21 

20 

Check: (x2 + 7)(x -5) + 20 = x^ - 3x2 _^ 



- 1 



Therefore, 



X" 



- +^7x - 1 = x2 + 7 + 



20 



X - 



X - 3 



2. X + 3 + 



X - 



'3. x^ - 3x2 ^ - 1 



X + 3 



4. 5x2 _ lox + 9 + 

5. 2x - 5 



6. 2x + X - I. + 



3x' - 2 



■5 2 
7 . X-^ + X + X -r 
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8. 
9. 



■=5 2 
X-' - X + X - 1 + 



5m: 



u ? 
X - x-^ + X - X + 1 



12 1 
10. + ^ + 5x - 15 



note: the quotient is a poly- 
nomial over the rational numbers. 



11. 



12. 



8 " 2x + 1 



1 

3.1 T 
2^ IT " 2x + 1 



13. N = QD + R 

if R = 0 then N = QD and D is a factor of N. 
Thus if N is divided by D and there is no remainder, 
then D is a factor of N. 



X + 3 



2x^ + 2x^ - 7?:^ I4x ~ 3 
2x^ + 6x^ 



2x^ - 4x^ + 5x - 1 



- kxP - 7x~ 

- 4x^ - 12x^ 



5x^ + ite 



-X - 3 
-X - 3 



Thus, 2x^ + 2x5 - + T^i.j^ - 3 = (2x5 - + 5x - l)(x + 3) 



,13 
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Ansvfers to Problem Set 12~9d j pages 366-36?: 



1. 



2. 



(a 

(c 

(d 
(e 
(f 

(g 

(h 

(i 

(J 
(a 

(c 
(d 



2x + 2 + 
2x - 5 + 



X - 3 
2 

2x + 3 



x2 _ l^x + 2 + 



X 



3x 
2^ -^5 



2x - 1 + 1%^:^ 

^ + 8x - 1 
X + A ■ ■ 

X - 2x - 1 

3x^ + 4x + 10 + + 
X - 4 

T -|x^ - X + 4 

- - 5 ^-^ 



Sx-' - 2x 



3x + ^ ^ + 2 



3x- 



ll 

. 5x + 1 



2x + 2x - 1 

(2x'^ + X - 5)(2x'^ - 5) + ^4 " 

2x^ + x - 5 

Therefore, 2x^ + x - 5 Is not a factor of 

4x® + 2x5 - 20x^ - lOx + 25. 
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Answers to Review Problems j pages 369-375 s 

1. All except (l), (j), (k) are rational expressions. 

(a), (b), (c), (d), (e), (f), (g), (q), (r), (s), (v),(w) 
are polynomials. 

(^)» (q)» (r), (v), (w), are polynomials In one variable. 

(a) , (b), (c), ((i),.(q), (s), (v), are polynomials over 
the Integers. 

•(e)* (g)» polynomials over the rational numbers 

but not over the Integers. 

(r), (w) are polynomials over the real numbers but not 
over the rational numbers. 

2.. (a)6^^+6y5-iy2-2A/5=^>^ + ^V5 

(b) VlSa^ = 3a^ ^/2~ 

(c) (x + y) ^/x + y for non-negative numbers (x + y) 

3. (a) yy - 6 ^ 

(b) 3+2 •/6"+ 2=5+2 

(c) X - 1 

h. (a) (x - 24)(x + 2) 

(b) Not factorable over the Integers. 

(c) 3aV(ab^ - 2 H- 4a^b) 

(d) (x - y)(x + y) -4 (x + y) = (x + y) (x - y - 4) 

(e) (x - y)(x + y) + 2(x -•y)(x - y) - 3 (x - y)(x - yf 
= (x - y) ((x + y) + 2(x - y) -3 (x - y)^) 

= (x - y)(x + y + 2x - 2y - 3x^ + 6xy - 3y^) 
= (:c - y)(3x - y - 3x^ + 6xy - 3y^) 

(f) (3a - 2) (2a - 5) 

(g) (5a - 2)(2a + 5) 

[pages 369-370] 
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(h) 4(x - y)5 + 8(x - y)^ - 2(y - x)^ Notice (y - x)^ 
= - yp + 6(x ~ y)2 - ' 

= 2(x - y)2 ^2(x - y) + 5) 
= 2(x - y)^ (2x - 2y + 5) 

(1) X + 2ax + a - bx - ba - cx - ca 
= (x + a)^ - (x + a)(b + c) 
= (x + a){x + a - b - c) 

(a) Positive factors of 12 are 12, 1 

6, 2 

K may be 1J>, 8, 7 

(b) 6 = 1 + 5 

2 + i^ 

5+5 
K may be 5, 8, 9 



6. (a) 

(b) 



(c) ^^=575=1 
b)2 

o 

lb 



(5V^) = 27 

2 
5c 



15b^ + 91ab - 125a^ 
175a^b^ 



a - 2b 
abU - 



(c) 

(X -h 5j1xV^^?x - 1) 
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7. (a) - X - 2 

(b) x^ + 4x^ - 4x - 1 

(c) x^ - X + 1 - 5j4-r 

(d) x^ + x^ + x^ + X + 1 

8. (a) (- |), If xy 0 

(b) (25), if y 0, y 5 

(c) (-^), if.x^-1, x;^.2 

(d) (2,-7), if n ^ 5, n ^ -5 

(e) if X ^ 5 

(f) (9,-93 

(g) (0, f, - f) 

(h) |x|2 + |x| = 12 
x| ^ + I x| - 12 = 0 



(|x| + 4)(|x| - 5) = 0 

|x| + 4 = 0 ix| -5 = 0 

|x| = -4 I x| = 5 

)2i X = -5 

X = 5 

If X = -5, If X = 5, 

+ 1-51 = 12 H- |5| = 12 

9+5 = 12 9+5 = 12 
Hence, the truth set is {-5,53 • 

[pages 571-572J 
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9. 



(n + - = r - n)(n + 3) + n) 



10. X - 3 I - Sx''^ +6x2-3 |x^ - 



2x' 



x^ - 3x^ 

-3 

Therefore, 

x^^ - 5x^ +6x^-3 - (x5.r'2x2)(x - 3) - 3 
so that X - 3 is not a factor. 

11. (a) The degree of R Is less than 3. 
(b) The degree of Q is 97. 

12. (a) When we use equality to indicate that one express- 

ion is "written in" another form, it is always 
understood to mean that the equation is a true state 
ment for all admissible values of the variables. 
Hence, the truth set is all real nimbers. 

(b) Any value of ^ x could be used. For example, if 

X = 0, we obtain 1 = 2'(-l) + R and hence, R = 3 
A better value is x = 1 since in this case 

2-1^ + 1 = 2(1^ + 1^ + 1^ + 1)(1 - 1) = R 

3 r= 2. 4*0 + R 

3 = R 

The idea is that with this value of x the first 
term on the right h^xd side of the equation „is 
automatica.lly zero regardless of whai; the nixmber 

2(x'^ + x^ + X + 1) is. (See the next problem.) 
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15. In this problem we do not know Q, and It would be a 
great deal of trouble to find It. However, the choice 
of 1 for the value of x gives 

5-1^°°+ J-l^"^ - 1 = Q(l - 1) + R ' 
7 = Q.O + R 

7 = R . 

I Therefore, we obtain the value of R in spite of not 
knowing what number is represented by Q when x = 1. 

14. (s) Q has degree 7. i 

8 

(b) If R = 0, X - 1 is a factor of 4x + n. 

(c) If X = 1, then 

4.1^ + n = Q.O + R 
4 + n = R 
Hence, if n = -4, then R = 0. 

15. X +3| 2x17 - 5x^5 + 1 1 2x1^ - 6x^5 

- 6x^6 - 5x^5 +1 

- 6x1^ - 18x^5 

15x-^5 + 1 .,„..„ 

Therefore, 

ax-*^ . 5x^5 + 1 « (2x1^ . 6xl5)(x + 5) + (ijx^^ + i) 

16. Theorem . If a and b are distinct positive real 
numbers, then 

>/ib 

Proof ; If a + b - 2 -/ab > 0 

then a + b - 2 •s/ab + 2 -^/ab > 0 + 2 -v/ab 
^ (addition property of order) 

or a + b > 2 -/ab . 

[page 373] 



Hence, — — > -/ab (multiplication property of order) 

Therefore, we have only to prove thatj 

a + b - 2 j>/ab > 0. 
Observe that 

a + b - 2 yib = a - 2 -/b. -/b + b 

Since, a b, also / and thus, -/a" - -s/T" ^ 0, 

Since, the square of any non-zero real n\amber Is positive. 
It follows that a -f b - 2 > 0. 

17, If X Is the number of minutes until they meet, then 

1 X 

X • or is the part of the whole Job done by one 

1 X 

boy, and x • 7^ or ^ Is the part of ^he whole Job 
done by the other boy. After x minutes have elapsed, 
the two fractions must total 1. Then, ^ + 1^ = ^ 
X = 18. 

18. If n Is the number of pounds of candy selling for 
$1.00 per pcund that are to be used In the mixture, then 
40 - n is the number of pounds of candy selling for 
$1.40 per pound that are to be used in the mixture. 
Then (n)(lOO) is the value in cents of the less expen- 
sive candy in the mixtxire and (40 - n)(l40) is the 
value in cents of the more expensive candy in the mixture 
and (40) (110) is the total value in cents of the 
mixture. Then lOOn + ( l^O) (40 - n) = (4o)(llO) and • 
n = 30, 40 - n = 10. Hence, 30 pounds of $1.00 per 
pound candy were Included in the mixture, and 10 pounds ."• 
of $1.40 per pound candy were Included in the mixture. 
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19- If X Is the nimber of gallons of mixture removed, then 
the amoiint of water at beginning minus water removed plus 
the water added equals water at the finish. 

.85(100) - .85x + X = .90(100) 
and X = 33 ^. 

Thus, 33 J gallons of mlxtioro were removed. An equa- 
tion based on the amount of salt In the solution is 
(.15) (100) « (.15)(x) = .10(100) 

where x again Is the number of gallons of mixture 
removed. ' 

20. If r Is the rate of the train, then lOr Is the rate 
of the jet. In 8 hours the train travels 8r miles 
and In one hour the ,1et will go lOr miles. Then, 

lOr = 8r + 120, 

r = 60 the rate of the train In miles per hour* 

lOr = 600 the rate of the Jet In miles per hour. 

2 

21. If r Is the rate of one train, the jr Is the rate of 
the second. In 3 hours and 12 minutes or 3 ^ hours 



^r + ^(fr) = 160. 



r =30 miles per hour. 

2 

= 20 miles per hour. 

3 

22. 2^ = 10 hours one way 
30 

2^ = 15 hoTxrs returning 

Since the average rate for the whole trip must Involve 
total distance and total time, the average rate Is 



600 



or 24 mile's pe'r hour. 
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If d Is the distance in miles one way (d O) and 

d ' ' 

the rate Is r miles per hour, the time one way is ^ 

hours. On the return, if the rate is q miles per hour, 
the time is ^ hours. The total distance, 2d -miles, 

divided by the total time, ^ + ^ hours, will be 



2d _ 2d ^ r^ _ 2drq 
d d d d " rq dq +. dr 
r q r q 



- gdx'q ^ 2rq . d 

d^q + r) q + r 'S - ; 

= q^rS^ miles per hour, 0, r / 0. 

applying this to Problem 22. 

2(30)(20) _ 1200 

= 2\ miles per hour. 

The student should observe that the distance traveled 
does not affect the average rate. 

If X is the first integer then x + 1 is its successor 
and the reciprocals are ^ and ^ respectively. 

Hence, ^ + 5^-—-^ = f^, if x ^ 0, x -1. 

I82(x +1) + l82(x) = 27x(x + l) 
(27X + 14) (x - 15) =0 
X - 13 = 0 

X = 13 
27x + lif = 0 
This equation has no solution among the integers. 
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If X = 13, then 



Thus, the truth set of the sentence Is (13) and the 
required Integers are 13 and 1^1-. 



X + 3 . X - 3 2x_ 
25. ^ g ^ = 1, If x;^0. 



26. If X Is the number, then 

x^ = 91 + 6x. 

- 6x - 91 = 0 
(x - 13) (x + 7) = 0 
x-13=0 x+7 = 0 

X = 13 X = -7 

If X = 13, If X = -7 

13^ = 91 + 6(13), {'if = 91 + 6(-7), 

169 = 91 + 78 49 = 91 - 42 

Thus, the truth set is {13^-7). 

1 ■ 

27. If n Is the number of mph for the faster car then 
n - 4 Is the nmber of mph for the second. Then 

Is the number of hours during which the faster 

travels, and ^t^ ' i^ nvunber of hours during which 

the slower travels. Hence, 

.^ + i=H^rV' "^0' 
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560(n - 4) + n(n - 4) = 360n 
J,eOn - 1440 + - 4n = 360n 
- 4n - 1440 = 0 
(n + 36) (n - 40) = 0- 
n+36=0 n-40=0 
This equation has n ^ 40 

no solution among If n = 40, 

the positive numbers. ^-j^ + 1 = 

9 + 1 = 10 

Hence, the positive number of the truth set is 40, and 
the rates of speed are 40 m.p.h. and 36 m.p.h. 

28. If the width of the strip is w feet then the number of 
feet in the length of the rug is 20 - 2w, and the 
number of feet in the width of the rug is 14 - 2w. 
Hence, two names for the area of the rug are available, 
and appear as sides of the equation: 

(20 - 2w)(l4 - 2w) = (24)(9), 0 < w < 7 

280 - 68w + 4w^ = 216 

4w^ - 68w + 64 = 0 

- 17w + 16 = 0 
(w - l6)(w - 1) = 0 
w = 1 

w - 16 = 0 has no solution such that w < 7 
If . w = 1 

(20 - 2)(14 - 2) = (24)(9) 
(18)(12) =216 
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Thus, the truth set of the original equation Is {!). 
Hence, the width of the strip Is 1 foot. 

29. If X Is the nxmber of units In the length of the 

smaller leg, then 2x + 2 Is the nxmber of units In the 
longer leg. Hence, by the Pythagorean relationship, 

+ (2x + 2)^ = 13^, 0 < X < 13. 

x^ + 4x^ + 8x + 4 = 169 

5x^ + 8x - 165 = 0 

(5x + 33)(x - 5) = 0 

X = 5 

5x + 33 = 0 has no positive solution. 

If X = 5, 

,2 



5^ + ((2) (5) + 2) = 13' 
169 «= 169 



Thus, the truth set Is [5), and the shorter leg Is 5 
units In length, and the longer leg, 12 units. 

30.' = tr, which Is Irrational. 

vCT = = ^ '{^ = which Is Irrational. 

3/ - . -Q V~8~ 3 / 800 V'500 3vn!oo 

which Is Irrational.- 

( v'^TS) = (-1)(.4) = -.4 which Is rational. 
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If the tv^o-Jal^t: niomber Is lOt + u, the sum of J.ts 
digits Is — -r u, and 



: = 4t + 4u + 3 

■: ^ U = 3 
^ = 1 

u = 2t - 1 SiXX- u is a positive Integer <^ 9- 

If t = 1, r^rr"^n u = 1, and tbr-r number is 11 

If t = 2, t:;.5n u = 3, and trre number is 23 

If t = 3, t: in u = 5, and tae number is 35 

if t = 4, then u = 7, and the number Is 4? 

if t = 5, then u = 9> and the number Is 59 



If t = 1, u = 1, 



then -LO^ls ^=4-^1. 



The 



't + u 

pair of values, t = 1, u = 1, should not be allowed 
since the numberator, 3* of the remainder is greater 
than the denominator, 2, 



If t = 2, and 



u-3, f 



35 

If t = 5, and u = 5, -g- 



= 4 + 



-5' 



if t = 4, and u = 7, ^ = 4 + 
if t = 5, and u = 9, ^ = ^ + Jif. 



Hence, the solutions are 23, 35 » ^T* 59. 
8 
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33. h^-5l 
|x . 5|. 1^ - 5 
|x . 5, 
- - 5 

X 

The truth set is th 
X ^ 2. The formal :? 
as this are not ye-^ 
to move toward the 
possible members o. 
haphazard approach^ 
that if a and b 
then a > b. 
54. (a) While the smal 
markings, x, 
these tmits. 



: 5 - X . 5 £ -3 

> 0 or X ^ 2 

ae'" - all X szich that x > 8 or 

"lOfas .for solv:ing Inequalities such 

^idl.'^-ifcle , so the student vnLlH^have 

v^^^n by careful trial of nianerous 

le sei>^ or. If he Is seeking a less 

o di£iT Jiake the plausible assumption 

2 2 

M'^ |jjnri:tive numbers and a > b , 



ha^*il uravels over a number of minute 
large hand travels over 12x of 
iw,.-e the hour hand Is at 3 o'clock 
position. It has a i5-unit "head-start" over the 
minute hand at icihe time 3:00. Thus 



12x = X 4- 15. 
llx - 15, 



X 5S 



If X = -i^, then 

= g + 15, 

I8£) i80 
U = "TT* 

Thus, the truth set of the equation Is [^] and 
the time when the bends are together is l^jj 
mlnutes after 5 o'clock. 

1!27 
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(b) In psrt (a) both iiands came to the same miru2XQP 
diviicion; in part (b) the minute hand is to eori^ 
to a -reading 30 units ahead of the hour han^L.- 
Hence, an equation for part b is 

12x = (x + 15) +30 and ^ ^ ^ jx 

And tdie hands will be opposite each other at 49 ^^r- 

mlnutes after 3 o'clock. 

If the number of steers is s and number of cows Is c:^. 
then, 

25s + 26c = 1000 

25s = 1000 - 26c 
■ 1000 - 26c 

S := ^ 

If s and c are positive integers then 26c must be 
divisible by 25- This is true when c = 25, 50, 75f^ 
a multiple of 25, because 26 and 25 are relatively 
prime to each other. 



If 


c 


- ^13, 25 


26 and 




= 40 


- 26 = 


ih. 


If 


c 


- I^u* 25 


52 and 


s 


= HO 


- 52 = 


-12. 


If 


c 


_ 75 26c ^ 
- 25 


78 and 


s 


= HO 


- 78 = 


-38. 


It 


is 


thus apparent 


that if 


c 


> 50, 


• 

s Is 


a negative 



number. Henc:e, c may only be 25 

and s = ^0 - 26 
s = 1^. 

So he may buy 25 cows and W steers. 
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If we were to solve the original equatiox:^ iiistead for c, 

1000-255. 
^ = 26 

s would J3ve t-r be cho&sn so ai' to ms^st 1000 - 25s 
divisible cj Though this can be ctaine. it is plainly 

more dlfUliiult nhan the other approach-. 
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Suggested Test Ifeema 

1. :ilasslf:r tsae .:^^ expisBSSlons by writing the Iden- 

tifying letrtezr of the expresslcm in the spaces provided, 
irte expresaii2Zi may fall Into ^x^^^ than one classification. 

Ka) (x 3 -;: -h 2) (e) ^ + i 

(b) s (f) 1)^^ - 2) 

(c) V X -i: (g) i| 

(d) 3x^- 

ratia^al expressions 



polynomials ovsr the real numbers 

polynomials over the rational numbers 

polyiaomials. over the Integers 

none of tiie above 

2. Factor o:TO2r thsr Ixtfeegers, If possible. 

(b) ax^ ax - 6a^ £d) 6x^ - iix - 72 

(b) Ba- . 16 (e) (2a « « (a - 2hf 

(c) - X - 20 (f) 5ab - _ 2ab 

3. Find truth sets of the r'Srllowlng: 

(a) x''- + 3x := 54 Cs) = lib - 36. 

,;o.) + _56 = 15y -^f + 2 = l^x 

, * fe: = 3 (j£) :27x^ = 42x + 49 

4. Txs'^ KjEEtntsiues :ojr x, j.3 ^ a -tr^—nrgle having sides of 
x - T .inc:£iSE, X laciies;, ssmix ^ 1 inches, a right 
trlar^ 



5. Prove or-d^Hprove teat 5z - J.-,3£3 a factor of 

-Sx^^ - 3x^ - ..2x + 

6. For escii iiirteger y show that ts' + 5)^ - is divisible 

by 5. • 
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7. V/rlte an expression for x in -erms of a and b If 

a. 



ax .- a^ = ab - bx. 



If (x + l)(x + 2)(x + + a) = x*^ 8x5 + ajx^ + 22x 

+ 12 where a Is an Integer, fisi a, 

9. Simplify 

(a) +^'^ - 



ij-x - 5 X + :i 



(d) 

2 



b_- a 

6.£ 



(d) 

2 +1 



(e) ^ 



a^ - 11a - 26 
a^ - 5a + 6 

10. Explain when (x"^-^" ^^"^^"^ *° " '^^ ' 

11. Consider the set of polyxiomials over the even int-egsrs. 
Is this ss-t raosec under- addition? Is this set closed 
under multiplication? 

12. Find the Integers a, b, and c in the followirse; 

(bx + 2)C5x - a) - 6x- - 5^ - c. 
15. By what pirl^niamial ^icoild - + 2 'ne mult ip lieu to gen- ths 
polynomial 

^ i- p 1 
3^ + 2x " - X. — 5x + 1*^. 
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Chapter 15 
TRUTH SETS OP OPEN SENTENCES 



In this cliapter we take a more carsful look at t;hB process of 
finding the truth set of a sentence. B3' developing a rigorous 
theory of equivalent equations and equivalent Inequalities, we 
are able to determine when a new sentence has the ssmse truth set 
as the original sentence without having: to check in original 
sentence. 

Material on open sentences and eadvalent sentencsss^ will be 
foimd in Studies in Mathematics, Voliieie XEI, pages 6.. 8-6 ,16. 



15-1 Equivalent Open Sentences. 

The important concept being emphasized here is sns ^derstanci- 
ing of why sentences are equivalent. ZT your studenijs fiiave any 
trouble with the technique of deciding what to do to a ^^tencse ^ 
obtain a sinrpler sentence, you may wanS 1;g pcS^nt out ism mi indi- 
cated addition can be "undone" by adrnrrg -Sss opsjsjsl^se ((as in 
adding (-x-?) in Example l) and an isHijircated mnltirLacation can 
be "undone" by multiplying by the reciprocal (as ixi ^saltlpiylng oy- 

^ in Example l). 

Answers to Problem Set 13- la: ; pages 3TF--HSi: 

1. In parts (a), (b), (c), (d), Cs), (h)^ (i), p:), (m) 
' - the sentences are equivalent. 

(a) 2s = 12 3 = 

|(2s) = J • 12 

^ s = 6 :2s ^112 
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— 




Ps 






= f'^s + 12^ - "^s 


2s 


c o 


= IP 






Dy 


It - 


- "^Tr X ft 

- + O 


y 


5y 


- 5y 


= Q + K 


2y 




2y 


= 12 


5y 




y 


= 6 


5y 


7s 


- 5s 


= 12 


s 




2s 


= 12 


2s 




s 


= 6 


7s 



(e) Mot equivalent, 2 is a member of the truth set 
of = but not of 2x^ + 4 = 10. 

(f) Not eqviivalent, ^ Is a member of the truth set of 

3x + 9 - 2x = 7x - 12, but not of ^ = x. 

(g) = X - 1 1 = X - x^ 
x^ + l= x x^ + l = x 

1 = X - X X = X - 1 

lyfr-l = 5 y - 1 = 3( I yl + 2) 

-^fi^(|y|+2) =3(lyl+2) (y.i)^ = 3(lyl+2)^^2 

y-i = 3(|y| +2) -jfpjr2- = 3 

(1) + 1 = 2x ^ (x - 1)^ = 0 

- 2x + 1 = 0 x^ - 2x + 1 = 0 

(x - 1/^ = 0 + 1 = 2x 



{pages 579-380] 
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(j) Not equivalent. 1 Is a member of the truth set of 
- 1 = X - 1, but not of X + 1 = 1. 

2 

(k) = 0 +5 = 0 

x*^ + 5 



■^(x2+5 ) =0 (x2+5 ) )^ • =0- 



1 



X + 

X + 5 x*+5 x''+5 

x^ + 5 

(x^ +5 is a non-zero real nimber for every value 
of X.) 

(/) Not equivalent. 0 Is a member of the truth set of 
2 

^ = 1, but not of ' x^ + 5 = 1. 
X + 5 



(m) Not equivalent -1 Is a member of the truth set of 

■ p 

I V + 11 = 0, but not of V + 1 = 0. 
2. The sentences are eqixlvalent In (a), (b), (c), and (f). 



3, (a) 


y = 12 


(d) 


s 


1 

~ 15 


(b) 


X = 20 


(e) 


X 


= 2 


(c) 


t = - 1 


(f) 


y 


= 1 



k, (a) lit + 21 = 32 
lit = 11 
t = 1 

The truth set Is (1). 
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(|-f)30=|.30 

40 - 6y = 15 
40 - 15 = 6y 
25 = 6y 

The tmth set is {^). 

(c) C80) (g) [-5) 

(d) to) (h) [|) 

(e) [6) (1) ^ 

(f) ^ 

(j) + + + y + 1 = - + - y + 1 
2y^ + 2y = 0 

2y(y^ + 1) = 0 

2 = 0 or y = 0 or y^ + 1 = 0 

Since 2 and y + 1 can never be 0, 



the truth set Is [0). 
2 

+ 3x = X - ^ 

2x^ + 6x = 2x + 

x^ + 4x = 0 

x(x + 4) = 0 

x = 0 or x + 4 = 0 

X = 0 or X = -4 

The truth set Is . (0,, - 4) 
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Any algebraic simpllflcsiilon is permissible which 

(l) does not change the domain of the variable, 

(2'i replaces a phrase wixh another . phrase which is a 
name for tise same number for all permitted values 
of the variable. 

Such sirapiiTlcaticEis include combining terms and 
factoring: as In tbe first two examples. On the 

other hand "J^ = 4 and x + 2 = 4 are not 
X — 2 

equivalent. TZheir domains are not the same. 

(a) Equivalent: combined terms in left member. 

(b) Equivalent^ iliactored. in left member. 

(c) Not equlvalsui;; 0 is a member of the truth set of 
5x^ « of 3x 6 . 

(d) EqulvalsEzr ^aaded a real number (-6x) to both 
members^ 

(e) Equivalass^;: cDm"bined terms in both numbers. 

(f) Equivalent; If x = y, then y = x. 

(g) Not eqmvslLent; 0 is a meniber of the truth set of 
2 = y 4- 2^ but not of 2 = ^ ^ v 

(h) Equivalent. ^Applied distributive property and com- 
bined terms in le£:t member. 
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Answers to Problem Set 13- lb ; pages 383-385: 

1. ^ A real number for A non-zero real number 

every value of the for every value of the 

variable. variable. 



(a) 


yes 


no 


(b) 


no 


no 


(o) 


no 


no 


(d) 


no 


no 


(e) 


yes 


no 


(f) 


yes 


yes 


(6) 


yt^s 


no 


(h) 


yes 


yes 


(1) 


yes 


yes 


(J) 


yes 


yes 


(k) 


no 


no 


(/) 


no 


no 



In part (J) It may appear that there Is no vari- 
able Involved. In certain contexts, however, -3 
may be considered as an expression In x such as 
-3 + Ox. If we have such a variable In mind. It Is 
certainly true that -3 remains a non-zero real 
number no matter what value Is assigned to the 
variable* 



y 




and 


y / 2 


y 


= 3(y - 2) 


and 


y ;^ 2 


y 


= 3y - 6 


and 


y ;^ 2 


6 


= 2y 


and 


y 2 


3 


= y 


and 


y ;^ 2 



The truth set Is (5) 
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x"^ + 1 

X = x(x^ + l) 
X = x-^ + X 
0 ^ x^ 
0 = X 

The truth set Is (0) 

o 

(since, X + 1 Is a non-zero real number for a.ll 
values of x. It was not necessary to restrict the 
domain of x. ) 



i + 3 =^ 

X X 


and 


X 


1^ 0 


1 + 3x = 2 


and 


X 




3x = 1 


and 


X 




X =i 


and 


X 


0 


The truth set le 









X - 2 ^ X - 2 
1 + (x - 5) = 2(x - 2) 
X - 2 « 2x - 

2 = X 
The truth set Is p. 



and 


X 


1^ 


2 


and 


X 




2 


and 


X 




2 


and 


X 




2 



_1 . 1 ^ X 
X 



and 
« 


X 




-1 


and 


X 




-1 


and 


X 




-1 



-1 +(x + l) = X 
X = X 

The truth set Is the set of all real numbers except 
-1". 
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(f) x(x2 + 1) = 2x^ + 2 
x(x2 + 1) = 2(x2 + 1) 
X = 2 

The truth set Is (2). 

(We were permitted to multiply both members by 
and be svire of obtaining an equivalent 



x^ 



sentence because 



""5 



Is a non-zero real number 



for all values of x.) 

3. If the rectangle Is : w 
Inches wide, then It Is 
15 - w Inches long, and 

w(15 - w) = 5^ 

15w - = 5^ 

0 = - 15w + 5^ 

0 « (w - 9)(w ~ 6) 

w-9 = 0 or w-6 = 0 

w = 9 or w = 6 

or If the rectangle Is w 
Inches wide. It Is 

w 



w 



15-W 



Inches long, and 
2w + 2- = 350 

2w^ + 103 = 30w 




and w 0 

and w 0 
2w^ - 30w + 108 = 0 and w 0 
2(w - 9)(w - 6) = 0 and w 0 
2 = 0 or w-9 = 0 or w-6=0 and w 0, 
The truth set Is (6,9) 

The rectangle Is 6 Inches wide and 9 Inches long. 

[page 384] 
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(Notice that we cannot use the value w = 9 since we • 

designated w as the width, or the shorter side. The 

length, 9 Inches, comes from 15 - w In the first 

method and ^ In the second method*) 
w ■ 

If the first Integer In 1, then 
1^ + (1 + 1)2 + (1 + 2)2 « 61 

1^ + 1^ + 21 + 1 + 1^ + 41 + 4 = 61 

31^ + 61 - 56 = 0 

Since, the left member Is not factorable over the 
Integers, there are no three successive Integers the s\am 
of whose squares Is. 6I. 

5. If n Is one of .the nxombers, then the other niomber Is 



8 - 


n, and 


\ 














1 2 
B - n 3 




and 


n 


/ 8, 


n 


;^ 0 


3(8 


- n) + 3n 


= 2n(8 - n) 


and 


n 


/ 8, 


n 


/ 0 


24 - 


- 3n + 3n 


= 16 n - 


and 


n 


/ 8, 


n 


/ 0 


2n^ 


- I6n + 24 


= 0 


and 


n 


/ 8, 


n 


/ 0 


n2 . 


. 8n + 12 


= 0 


and 


ri 


/ 8, 


n 


/ 0 


(n . 


. 6)(n - 2) 


= 0 


and 


n 


/ 8, 


n 


/ 0 


n 


6 = 0 or 


n - 2 = p 


and 


n 


/ 8, 


n 


0 


n = 


6 or 


n = 2 


and 


n 


/ 8, 


n 


0 


The 


truth set 


Is (6,23 












One 


niomber Is 


6 and the other 


Is 


8 . 


- 6, 


or 


2. 
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If there were g girls, then there were (260O - g) bojns, 

^^" l and g ;^ o 

6(2600 - g) = 7g e^o 

15600 - 6g = 7g & / 0 ■ 

15600 = I5g g ;^ 0 

1200 = g g ;^ 0 

The truth set Is (1200} 

There v;ere 1200 girls. 

For some purposes It Is convenient to know that if two, ; 
numbers have the ratio the numbers may be represent- 

ed as . ax and bx where x Is a positive number, 
since 1^ = If X 7^ 0 and h ^ 0. I., -lis problem, 

then, we could say: 

If there were 7x girls, then there were 6x boys, 
(since, ^ = ^1 X 0), and 7x + 6x = 2600. 

This type of problem does not appear frequently enough 
In this course to warrant making much of this technique^ 
You may wish to mention It. 

5x + 18 = y + 25 

Is equivalent to 

5x + 18 + (I25) = y + 25 + (-25) 

5x - 5 = y 
y = 5x - 5 

Hence, the two sets of solution pairs are Identical. 
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A chain- Of equivalent sentences: 

to - |y « 6 

12x - 2y = 18 
12x - 18 = 2y 
6x - 9 = y 

y = 6x - 9 . 

2x - 5 

The sides are of length 10 and 15 • 

If k quarts of weed killer are used, then 4 0-k quarts 
of water are used. 

There should be 6 quarts of weed-killer. 



13-2 • Eguarvalent IneauaI3±les . 

Just as for equatikms, the thing we must look for In establish 

Ing the fact that two Inequalities are equivalent Is whether the 
^operations we pevform, can be reversed to carry us back from the ; 
' simpler one to the given one. If they can be reversed, , we know ; , 
{that the truth set of the original Inequality is a subset of the 
|i;ruth set of the new inequality and thei trxxth set of the new one is 
-a subset of the original one. The two truth sets are therefore . 
^Identical. 

^ Page385 . As with equations, you may want to point out to your 
students that ineqxialities may be simplified if we know how to 
"undo" some of the Indicated operations. Indicated additions can 

vbe "ixndone" by adding the opposite, and indicated multiplications 

^ can be "\indone" by multiplying by the reciprocal. 
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8. 



9. 



10. 



feij -. Paige 386 . In, Example 1 and Example 2, the truth set of , the . 
XV.^ - f^^ Is the truth set of the original Inequality be- ■ 

' cause only-operations yielding equivalent Inequalities were used; "; 
I' ".- '. No checking is necessary. 



Answers to Problem Set 13-2; pages 387-388: 
1. (a) X + 12 < 59 
X < 27 

The truth set Is the set of all real numbers less than 
27. 

(b) ^x < 56 - X 

X < 56- 

X < 21 

The truth set Is the set of all real numbers less than 
21. 



(c) 


The 


set 


of 


all 


real numbers greater than 


id) 


The 


set 


of 


all 


real numbers less than -v/jT 


(e) 


The 


set 


of 


all 


real numbers greater than 2. 


(f) 


The 


set 


of 


all 


real numbers less than 12. 


(g) 


The 


set 


of 


all 


real numbers. 


(h) 












(1) 


The 


set 


of 


all 


real numbers. 


(a) 


1 < 


4x + 1 




;and 4x + 1 < 2 




0 < 


ifx 






and 4x < 1 




0 < 


X 






and ■■ X < 



The truth set Is the £(et of all real numbers between 0 
and i. 

[pages 386-587] 

o 

ERIC 



407 



(b) H - 4 < 0 and 1 - 5t < 0 
4t < 4 and 1 < 3t 

t < 1 and i < t 

The truth set is the set of all real nvimbers between 
i and 1. 

(c) 'The set of all real numbers between - ^ and 

(d) The set of all rea3- numbers which are either less 
than - or greater than 

(e) I X - II < 2 

On the number line the distance between x and 1 
must be less than 2. Hence, 

l-2<x<l + 2 
- 1 < X < ^ 

The set of all real numbers between - 1 and 5. 

(f ) I 2t| < 1 
2 Itl < 1 

Itl <| 

On the ntmiber line the distance between t and the 
origin must be less than 

The set of all real numbers between - ^ and ^. 

(g) I X + 21 < I 

Ix - (-2)1 < I 



The set of all real numbers between - § and 
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3. 

(a)- 

(c)- 
(e)- 



(h) |y + 2| > 1 

|y > (-2)1 > 1 

The set of all real numbers which are either less than 
-3 or greater than -1. 



-I 



-4 



0 i 



-3 



-2 



O 
-I 



^« (c)* (e) and (f) are negative real numbers for every value 
of X. See the note for Problem l(j) In Problem Set 
13-lb. 

5. 3y - X + 7 < 0 

3y < X - 7 

y < j(x - 7) 

When X = 1, y < i(l - 7) 
y < - 2 

The truth set Is the set of all real numbers less than -2. 
3y - X + 7 < 0 
- X < - 3y - 7 
X > 3y + 7 
When y = - 2, x > 3(-2) + 7 

X > 1 
[pages 587-588] 
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The truth set :±s the set of all real numbers greater 



w 



than 1. 
If the rectangle Is w Inches 
wide, it is ~ inches long, 

since the area is 12 square 
inches. Then ^ < 5- Since, 
by the nature of the problem, 
w > 0, 

12 < 5 W 
^ < w 

^ 2 
The width of the rectangle Is greater than 2^ Inches 

If n Is the negative niomber, then 

and n < 0 

ajid n < 0 



n=> 1 
n < -1 

The truth set is the set of all real numbers less than 

At this point the students haare no formal, way of solv- 
ing n^ > 1. They can, howev.er, go back to the method of 
making an intelligent guess and verifying li: with the 
help of the number line. This is still a useful method 
When we do not have a better one. Later in Sec1;ion 13-^6 
the student may look more closely at solving sentences 
such as n - 1 > 0* 
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. 13-3. Equations Involving; Factored Expressions . , 

Page 388_. if (x . 3)(x + 2) = 0, then x-3=o or x + 2 = 

If X - 3 = 0 or X + 2 = 0, then (x - 3)(x + 2) = 0. Again, 
the fact that this process Is reversible makes It possible for us 



are eqiilvalent sentences. 

If there are several factors, as In abed = 0, then the 
equivalent sentence Is 

a = 0 or b = 0 or c = 0 or d = 0. 
The truth set of (x + l)(x - 3)(2x + 3)(3x - 2) = 0 Is 

(-1, 3, _ |, |3. 

Notice v^hat can be said about an equation such as 



An eciulvalent sentence Is 

3=0orx=0orx+2=0orx-3=o. 
Since the truth set of 3=0 Is the truth set of the glv 
equation is (0, -2, 3). 



Answers to Problem Set 13-3a ; pages 388-389: 
1. (a) (a + 2)(a - 5) = 0 

a + 2 = 0 or a-5 = 0 



to know that 



and 



(x - 3)(x +2) = 0 
x-3=0 or x+2=0 



3x(x + 2)(x - 3) = 0. 



a 



= -2 



or a = 5 



The truth set is {-2,5}. 



(b) 
(c) 




[-3, -1, 2, 03. 
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The truth set Is (2, -1). 

(b) [11, - 11] 

(c) [1, -1, -3, -2) "'■■■^M 

(d) - ys", 2 - 2 -/S). 

(e) (0, 5, -5) 

(f) C- |, 3] ' 

(g) (0,1) 
(1) (6,1] 

(J) (2 + 2 -v^}(See Problem 3 In Problem Set 12-6)| 

(k) (-3 + VTo, -3 - >no]. 
We guess that 2 Is a solution. 
X cannot be negative or zero. 

If X > 0 and X < 2 

2 

X < 2x 

and 2x.< k 

from which x*^ < 4 by the transitive property of 

order. If x < 2x and x > 0, 

x^ < 2x^ 

and if - x^ .-< 4 

2x^ < 8 

Hence, x^ < 8 ; by the transitive property of 

order. This shows that no nvunber less than 2 is a 

solution. 

[page 389] 



similarly no number greater than 2 Is a solution. ' 
Since, 2^ ^ ,8; the truth set is (2]. 
It should be sufficient If the student argues In- 
tuitively that If X < 2, < 8 and If 
X > 2, x^ > 8. 

4. x^ = 1 

(x2)2 . 1= 0 

(x^ + l)(x^ - 1) =0 ; ; 

(x^ + l)(x + l)(x ,- 1) = 0 

+ 1 = 0 or X + 1 = 0 or X - 1 = 0 

X = -1 or X = 1 

The truth set Is {-1, 1). 

5. (x - 1) (x + l)x 

6. (x - - l)(x + 1) = 0 and |x - 2| < 2 

(x - 3 = 0 or X - 1 = 0 or x + 1 = O) and 

(0 < X <-4) 

(x = 5 or X = 1 or x = ~ 1) and (0 < x < 4) 
The truth set Is C3> !)• 

Page 390. There are times when we are tempted, or even forced, 
to do"operatlons on sentences which will not necessarily give 
equivalent sentences. 

One of the temptations Is to eliminate a factor which we see 
in every term by multiplying by Its reciprocal. If the reciprocal 
Is not a real number— If Its denominator Is zero for some x, 
or If a square root Is present---thls may cause trouble. In the 
example given, the original equation has the truth set 
(7^ 1, -1], while the equation obtained by eliminating the 
factor x^ - 1 has the truth set (7). 
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Page 390 > The generalization given is of interest and the 
students should be encoiiraged to follow carefully the steps. In 
practice, however, it is probably best to proceed as was done Ir. 
the example above, not Jxxat to apply the conclusion^ of the 
generalization. 



Answers to Problem Set 13-3b ; page 391 ; 

1. (a) x(2x - 5) = 7x 

x(2x - 5) - 7x = 0 
x(2x - 5 - 7) = 0 
x(2x - 12) = 0 
X = 0 or 2x - 12 = 0 
X = 0 or X = 6 

The truth set is [0^,6~] 

(b) (-3,2,-2) 

(c) [2,-3) 

(d) (2,-2,0) 

(e) (5,3) (Notice that each member of the original 

equation can be 'factored. ) 

2. No. 1 is a member of the truth set of 

(x - l)x^ = (x - 1)3, 

2 

but 1 is not a member of the truth set of x =3. 

Since x - 1 is 0 when x = 1, we would not expect t 
two sentences necessarily to be equivalent. 

3. The truth set of -t^ = 1 is (1,-1). 

The truth set of (t 4- l)t^ = (t 4- l)-l is (1,-1). 

In Problem 2 the truth set was enlarged by multiplying 
by (X- 1). 

[pages 590-5913 
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In Problem 3 the truth set was not enlarged by multiply- 
ing by (t + l) because (-l), the ntunber which makes 
t + 1 equal to 0, is already a member of the truth 
set of t^ = 1. 



15-4 • Fractional Equations . 

Usually in order to simplify a fractional equation we multiply . 
by an expression that is a product of factors of the denominators ! 
in,. the equation. This expression may not be a non-zero real number • 
and we have been warned that this may not give an equivalent equa- . ;, 
tion. We find, however, that we can avoid trouble if we are carer ^ 
ful.to exclude the values of the variable which make the multiplier 
zero; so we must be careful to exclude values of the variable which ;.; 
make any one of the denominators zero. Thus In 

J ^ ^ — we require that x 0 and x ^ 1. ; 

X + 1 

Page 392 > The sentence j ^ = 0 is equivalent to the sentence 

"x + 1 = 0 and x - 2 O", or to "x = -1 and x / 2'\ The *" 
truth set of the last sentence, and therefore of the first sentence^^vj 
is C-l). ' f 
The "suitable polynomial" is x(l - x). 

Page 393 , The example which comes out equivalent to "x ;^ 2 
and X ~ 2" has ^, of course, as its truth set. 

In Problem Set 13-4, Problems 10 and 11 are of 
particular interest and importance because they illustrate some of ' 
the unusual things which can happen. They show why it is necessary ■ 
to keep in mind the domain of the variable. 
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Answers to Problem Set l^-h j pages 393-39if: 
1. (| - |)x = lOx and x ;^ 0 
2 - 5 = lOx and x / 0 



1 

" 10 

Solution: 



X and X 0 



1 



-2. (| - |)6 = 10-6 

;jx- 2x = 60 
X = 60 
Soltuion: 60. 
p. (x + i)x = 2x and x / 0 

2 

X + 1 = 2x and x / 0 
x^ - 2x + 1 = 0 and x / 0 
(x - 1)^ = 0 and x / 0 
(x - 1 = 0 or X - 1 = 0) and (x / O) 
X = 1 and X / 0 
The truth set Is (1). 

4. (2,-1) 

5. [|) 

6. [-1^) 

" y~T^y(y - ^) = l-y(y - ^f) and y / O and y / A| 

(y - ^) - y y'^ - ^y and y / O and y / 4 
0 = y^ - ^y + 4. and y 0 and y / ^ 
0 = (y - 2)(y - 2) and y / 0 and y / ^ 
y = 2 and y / 0 and y / 
The truth set Is (2). 152 
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8. f6 



9. -3) 



10. 



(^^[~2 + x^Tt) - 2) l-(x - 2) and x / 2 

-2 4- X = X - 2 and x / 2 

-2 = -2 and x / 2 

The truth set consists of all numbers In the truth set of 
-2 = -2 that are not 2. .The truth, set of -2 = -2 Is 
the set of all real numbers. The desired truth set 
consists of all real numbers except 2. 

11. ^ ^ (x^ - l)(x + 1) - 0 and x ^- 1 / 0 

x(x^ - 1) - 0 and X + 1 / 0 
x(x - l)(x + 1) =0 and x / -1 , 
(x = 0 or X = 1 or x = -l) and x / -1 
The truth set Is (0,1). 

12. [0) 

13. )2J • . 
Ih. [03 

*15. [- 

*16. (1 + y/T, 1 - -/2) (The method of Problem 3 in Problem 

Set 12-6 Is needed here.) 

17. If n Is the number, 

n + i = -2 and n 7^ 0 



n 

n^ + 1 = -2n n / 0 I 

n^+2n+l=0 n/0 

(n + 1)^ = 0 n / 0 

n = .1 n/0 
The nvunber Is -1. 
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l8, (a) In one hour press A can do j of the Job. 

In one hour press B can do ^ of the Job, 

In h hours press A can do j of the Job, 

In h hours press B can do ^ of the Job, 
^1 + = 1 

(The 1 represents one whole Job, which Is equal 
to the sum of the fractions of the job,) 

(| + |)6 = 6 

2h + 5h = 6 
5h = 6 
h = ^ 

The presses A and B can complete the Job together 
in 1 -i hours, or 1 hour and 12 minutes. 

(b) If press C takes c hours to do the Job alone, 
then in one hour press C can do ^ of the job; 

2 

in 2 hours press C can do — of the Job; 

2 

in 2 hours press A can do j of the Job, 
I + i = 1 and c ?^ 0 
c = 6 

It would take press C 6 hours alone, 

(c) If press A works a hours after B stops, then 

Press A takes ~ hour to finish the Job. 



[pages 595-59^] 
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19. (a) A = •ibh 
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2A = bh 
h 



2A 



(b) T =g 



TR = D 
R 



D 



and b 0 

and R 0 

and R 0 

and T 0, R ;^ 0 



(c) A = fi(x + y) 

2A = h(x + y) 

= h and x + y 0 

(d) S=|(a+/) 

2S = na + n-/ 

2S ~ na = n Y 
2S - na _ ^ 



.n 



or 


S =§(a 


2S _ 
n 


a +/ 


2S 
n 


a =7 








b + 


a = ab 


a = 


ab - b 


a = 


(a - l)b 



= b 



and n 0 
I 

and n ^ 0 

and n 0 

and a / 0, b 0 

and s. ^ 0, h ^ O' 

and a ;^ 0, b ^ 0 

and a, ^ 0, h 0 

and a ^ 0, . h ^ 0 

and a 0, h / 0, a ^ 1, 
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13-5. Squaring , 

If a = .b, then a and b are names for the same number. 

2 2 

If that ntunber Is squared, a and b are names for the new 
2 2 

number and a = b . Some people like the more formal way of 
saying this; If a = b then a^ = ab and ab = b^j so a^ = b^ 
by the transitive property of equality. 

This does not work In reverse because there are two square 



2 2 ? P 

roots of a and of b . Thus we could say that (-3) = (5) , 

but - 5 5. 

Here Is a chain of equivalent sentences. 

2 ? 
a"^ = b"^ 

2 2 

a - b =0 Addition property of equality 

(a-b)(a4-b) = 0 Factoring 

a-b=0 or a+b =0 xy = 0 If and only If 

X = 0 or y = 0 

a ="b* or a = -b Addition propei'ty of equality 

It Is apparent that squaring both sides of an equation usually 
does not yield an equivalent equation, /jid yet In solving certain 
equations involving square roots or absolute values we need to 
square both sides. We do so then, bearing carefully in mind th t 
vie may expect to find a larger truth set in the new equation. We 
must therefore test the members of this truth set to find which 
ones really make the original equation true. 



Answers to Problem Set IJ^^a; page 395 ; 
2 

1. X - k has the truth set [2,-2], whereas 

X =2 has the truth set (2). 
p P 

2. (x - l) =1 has the truth set [0,2], whereas 

X - 1 =1 has the truth set [2). 

3. (x + 2)^ = 0 has the truth set [-2], and 

X + 2 =0 has the same truth set. 
[pages 39^-395] 
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(x - l)^ = 2^ has the truth set {3^-l}> whereas 
X - 1 =2 has the truth set D). 



Answers to Problem Set 13-5b j pages 397-398: 

.1. -/2x = 1 + X 

2x = 1 + 2x + x^ 
, 0 = 1 + x^ 

The truth set Is jZ). 
2. >/2x + 1 = X + 1 

2x + 1 = x^ + 2x + 1 
0=x2 
X = 0 



If X = 0, the left member: V 2*0 + r = 1 

the right member: 0 + 1 = 1 

The truth set Is (O). 

3. 's/x + 1 - 1 = X 

-/x + 1 = X + 1 

x+l=x^+2x+l 
2 

0 = X + X 
0 = x(x + 1) 
X = 0 or X = -1 



If X = Oj, the left member: a/o + 1 - 1 =^CLu 
the right member: 0 



If X = -1, the left member: V-T+T -1 = -1 

the right member: -1 
The truth set Is- {0,-1} • 
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y5x - X + 3 = 0 
^Ax = X - 3 
i^x = x^ - 6x + 9 
0 = x^ - lOx + 9 
0 = (x - 9)(x - 1) 
x-9=0orx^l=0 
X = 9 or X = 1 
If X = 9, the left member: a/^'9 -9 + 3 = 0 

the right member: 0 
If X = 1, the left member: VT^ -.1 + 3 = 4 

the right member: 0 
The truth set Is [93. 



3 vx + 13 = X + 9 

9(x +13) = x^ + l8x + 81 

9x + 117 = x^ + iBx + 81 

0 = x^ + 9x - 36 

0 = (x + 12) (x - 3) 

X = -12 or X = 3 
If X = -12, the left member: 3 -/-12 + 13 = 

the right member: -12 + 9 = -3 
If X = 3, the left member: 3 -/3 + 13 = 12 

the rlgtit member: 3 + 9 = 12 
The truth set Is (3). 
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6. |2x| = X + 1 

= + 2x +'^1 
- 2x - 1 = 0 
(3x + l)(x - 1) = 0 
3x + ,1 = 0 or X = 1 
X = - J or X = 1 



If X = - J, the left member: |2(- | = |- 



1 2 

the right memlaer:, — ^ + 1 = ^ 



If X = 1., the left member: 12«1| = 2 

the right member: 1 + 1=2 
The tmith set is {- j, 1) . 



7. 2x = I X I + 1 



2x - 1 = I X I 
4x^ -M + 1 = x^ 
3x^ _ 4x + 1 = 0 
(5x - l)(x - 1) = 0 

X = ~ or X = 1 

^1 12 
If X = J, the left member: 2.j = j 



1 



4 



+ 1=3- 



the right members • | j 

If X = 1, the left memberr 2.1 = 2 

the right memter:. |lj + 1 = 2 
The truth set is {l)* 
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8. 



X = 



9. 



10. 



2x + 1 



X - 1 = 



2x 



x^ - 2x + 1 = 4x^ 
'" 0 = 3x" + 2x - 1 
0 = (3x - l)(x + 1) 
x=i or x=-l 
If X = ~, the left member: 



1 
3 



i the right member: 

If X = -1, the left member: -1 

the right member: 
The truth set Is jS. 
X - I x| =1 

X - 1 = I x| 

2 2 
x'^ - 2x + 1 = x'^ 

-2x +1=0 

X = i 
X - 2 

If X = ^, the left member: -i. 

the right member: ] 
The truth set Is 
Ix - 2| = 3 
x^ - 4x + 4 = 9 
- 4x , -■ 5 = 0 
(x - 5)(x + 1) = 0 
k = 5 or X = -1 



5 I 



+ 1 =^ 



2(-l) I +1 = 5 
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11. 



12. 



If X = 5, the left member: 
the right member: 

If X = -1, the left member: 
the right member: 

The truth set Is (5*-l3. 

For every real number x, |x 

Proof: If X > 0, 
so 

If X < 0, 

so 
but 
so 



5 - 2 I =5 

-1 -2 I = 3 

5 



2 =x2. 



X I = X 
, 2 



= X 
= -X 



|x| 2 = (.x)2; 
(-x)2= x2 (.a)(-b) = 



ab 



2 =x2 



X - 3| = X + 2 



x2 - 6x + 9 = x2 + 4x + 4 



5 = lOx 
i = x 



1 I 1 I 5 

If X =: ^, the left member: oT - 3 = § 



the right member: + 2 = 



The truth set Is . 
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13. If the other leg is x inches long. 



the hypotenuse is 



X 



inches 



2 2 2 

long. (Since (hypotenuse) = 8 +x ) 




14. 



y 8^ + = (8+ x) - 4 

'J 64 + x^ = 4 + X 

64 + x^ = l6 + 8x + x^ 

48 = 8x X 
6 = X 

If X = 6, the left member: -v/s^ + 6^ = '/64 + 36 = 

Vloo = 10 

the right member: (8 + 6) - 4 = l4 - 4 = 10 
The other leg is 6 inches long. 

t =yf 

4-2 _ 2s 
^ ' T 

t^g = 2s 



il£ = s 

2 

If t = 6.25 and g = 52, 
s = (6.2^)^.^2 



s = 



s = 625 



6.25 



,162 

[page 397] 



ERIC 



= 2s 




This, of coxirse, assiimes that t > 0, s > 0, g > 0. 



(a) Not equivalent. The numbers x = 0, y = -1 satisfy 
the first sentence but not the second, 

(b) Equivalent. For every pair of numbers for which 

the first sentence is true, the second sentence 

also is true since -/T = 1. For every pair of 

numbers for which the second sentence is true, the 

first sentence is true since, if a = b, then 

2,2 
a = b . 

(c) Chain of equivalent sentences: 





2 

X = xy 

x^ - xy = 0 

x(x - y) = 0 



x = 0 or x-.y = 0 
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*15-6. Polynomial Inequalities , 

The statement about when a product of several non-zero numbers 
is positive and when It Is negative can, of course, be proved by 
using the commutative, and associative properties to group the neg- 
ative factors In pairs. The product of each pair of negative 
factors Is positive, and the product of these pairs and all the 
positive factors will still be positive. Hence, the whole product 
will be negative only when there is an odd number of negative 
factors. The class should be encouraged by discussion to fill in 
these de1:;alls. 

Page 399 ^ For Instance, when x = 2, it is sufficient to recog- 
nize that; (2+3) is positive, (2+2) is positive, (2 - l) 
is positive. Hence, the product is positive. Similarly for 

X - - (- I + 3) is positive, | + 2) is negative, 

(- ^ - 1) is negative. Since, there are two negative factors, the 

product is positive. 

Page 399. The truth set of (x + 3)(x +2)(x -l) > 0 is the set 
of all X such that - 3 < x < -2 or x > 1. 

The truth set of (x +3)(x +2)(x ^ l) > 0 is the set of all , 

X such that -3 < x < -2 or x >^ 1. 



Answers to Problem Set l^-6a ; page ^01: 



1. 



(a) (x - l)(x + 2) > 0 



+ 



+ 




-2 ' 0 



The set of numbers less than -2 or greater than 1. 



(b) < 1 

c!) 1 » 

-10 I 



The set of numbers less than 1 and greater than -1. 
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(c) + 5t < 6 



+ 



-6 0 1 

The set of numbers (greater than or equal to -6) 
and (less than or equal to l)* 

(d) + 2 > 5x 



+ 



i I • • I » 

0 I 2 

The set of numbers (less than or equal to l) or 
(greater than or equal to 2). 

(e) (s +5)(s + i^)(s + 2)(s)(s . 3) < 0 



+ - + r t 




The set of numbers (less than -5) or (greater than 
-4 and less than -2) or (greater. than 0 and less 
than 5 ) . 
(f) 2 - < X 



+ • - + 




The set of numbers less than -2 or greater than 1, 
(x + l)(x - 1) > 0 and X < 5 
The graph of (x + 2)(x - l) > 0 la 



+ - + 

, ^ V / ^ w ; V 

< I 6 1 1 — I I » 

-2-10123 
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The graph of x < 3 is 

■ I 1 ! I I C> 

-2-1 0 1 2 3 

The truth set of "(x + 2)(x - l) > 0 and x > 3" is 
the set of all numbers each of which is in both the , 
above truth sets. 

0 I 6 — I < — 6 I ^ 

-1-1 0 T 2 3 

The set of numbers (less than -2) or (greater than 1 
and less than 3). 

If (x + 2)(x - l) is positive and x - 3 is negative 
then (x + 2)(x - l)(x -3) is negative; thus, every 
solution of the sentence in Problem 2 is a solution of 
(x + 2)(x - l)(x - 3) < 0. This Inequality is therefore 
a likely candidate, and when we graph its truth set we 
get the graph drawn in Problem 2, so that the two sen- 
tences are equivalent. 

Page ^01 . If x' is a solution of (x + 2)^(x - l) > 0 then 

(x + 2)^ must not be 0 and therefore must be positive, being a 

square. Multiplying by the positive number - — - — -n* ^® obtain 

(x + 2) 

X - 1 > 0. Going baclcwards we see that, if x-l>0,x>l and 
hence x -2, so that x + 2 >^ 0 and so (x + 2)^ must be 
positive. Multiplying x - 1 > 0 by this positive number gives 

us (x + 2)^(x - 1) > 0. Hence (x + 2)^(x - l) > 0 and 
X - 1 > 0 are equivalent sentences. 

The truth Set of (x + 2)^(x - l) 1 0 is the set of all 
numbers that are not in the truth set of (x + 2)^(x - l) > 0. 
The latter set we've just seen to be all x 'such that x > 1. 
Thus the truth set of (x + 2)^(x - l) ^0 is the set of all x 
such that X < 1. 
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The product of x and (x - l)*^ will be negative if and 
only if either x < 0 and (x - l)^ > 0 or x > 0 and 
(x ^ 1)5 < 0. 

The first clause is equivalent to "x < 0 and x - 1 > O", 
that is, bo < 0 and x > l". Since no number is both less 
than 0 and greater than 1, this sentence has no solution. The 
second clause is equivalent to "x > 0 and x - 1 < O" and this has 
its truth set consisting of all x between 0 and-l. The truth 
set of x(x - 1)5 < 0 is thus the set 0 < x < 1. 

The truth set of x(x - l)^ > o will be all the numbers not ^* 
in the truth set of x(x - l)^ < o. The latter set we have just 
seen to be the set 0 < x < 1. The numbers not in this set 
consist of all x 0 together with all x > 1, Therefore, 

"x(x - 1)5 > 0" is equivalent to "x ;^ 0 or x > l". 

We have used above the fact that where the factor x - 1 
occurs three times there are three factors changing together from 
negative to positive as x crosses 1, so their product changes 
from negative to positive. Some students may enjoy extending this 
idea to polynomials with the same factor four or five times, and 
then generalizing the situation. i 

2 

A factor which is a positive real number such as x +2, 
will not change the product from a negative to a positive number 
or vice versa. For this reason the truth set of (x + 2)(x - 3) 
< 0 is the truth set of x - 3 < 0, that is, all x such that 
x.< 3; and the truth set of (x^ + 2)(x - 3) > 0 is the set of 
all X such that x > 3. 
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Answers to Problem Set 13 -Sh ; page k02 ; 

1. + 1 > 2x 

+ 1 - 2x > 0 

(x - 1)^ > 0 

Since a > 0 for all real numbers a except zero, 
the truth set is the set of all real numbers except 1, 



2. x^ + 1 < 0 

The truth set is )25. 

5. (t^ + l)(t^ - 1) > 0 

The set of numbers (less than or equal to -l) or 
(greater than or equal to l). 



/ 0 



4s - s^ > 4 



The truth set is j25. 

5. (x - l)^(x - 2)^ > 0 

The set of all real numbers except 1 and 2. 

^ 0 -J ^ - ' 

6. (y^ ^ 7y 6) 0 

The set of numbers (greater than or equal to l) and 
(less than or equal to 6), 



i—i ^ ^ 



0 I 
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7. (x + 2)(x^ + 3x + 2) < 0 

The set of numbers less than -1, except -2. 



-2 -I 0' 

8. 3y + 12 < - 16 

The set of nvunbers (less than or equal to -4) or 
(greater than or equal to 7). 



■f- 



9. x"^ + 5x > 24 

The set of nvunbers less than 



-8 or greater than 3. 



+ 



-8 

10. I x| (x - 2)(x + 4) < 0 . 

The set of nvunbers greater than -4 and less than 2, 
except 0. 



4 
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Answers to Review Problems 

1. yes, • A - — is a real number for every x. 

x"^ + 1 

x^ 1 

2. no, -5 =• ^ 1 for x = 1 or x = -1. 

x"^ - 1 

3. yes, — -jr^ — > is a real number for every x. 

x"^ + ^ 

\. no, ^ ^ ^ - = 0 is not a sentence for x = 3 

X - p X - p 

5. no, |x| =2 has the truth set [2, -2} but 2 is 
not a solution of ^ ^ | = 0. 

6. yes 

8. [-3} 

9. C3,6} 

10. {-1,-1}. 

11. [0,1,2} 

12. 

13. ^ 



14. jZi, notice that + 2 = -2 cannot be true for any- 
real number since it asserts that a positive number is 
the same as a negative number. 

15. [2} 

16. [2,-4} 

17. [|} 

18. jZl, notice that if x ^ 0, 1 = 0 and if x < 0, 
X = ^ are both contradictions. 

19. Every X except x = -1. 

20. Every x. 

[pages 403-^04] 
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21. (a) The truth set is (-2}. « 
The graph: 

1 ^ 1 1 1 1 1 1 

-3 -2 -1 0 I 2 3 ^ 

(b) The truth set is each x such that ,x < ,-2 or 

X > 2. 



The graph: 



-3 

(c) Same as (b) 



H 1 H 



(d) Same as (b) 

22. >/l + 2x < X - 1 

We observe that ^/l + 2x is defined for x > - i and 

that if there is an x such that x - 1 is greater 
than a non-negative number, then x > 1. 

Thus : 



v^l + 2x < X - 1 and x > 1 
is equivalent to 

1 4- 2x < x^ - 2x + 1 and x > 1 
is equivalent to 

0 < x(x - h) and x > 1. 

We need consider only values of x > 1. 

- + 



H h 



0 1 2 3 4 5 ........ 

Thus, the truth set consists of 'very number greater than 

The graph: 



i 1 V 1 I 

12 3 4 5 6 
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The first two sentences are reversible since 

(i) If a < b, and a and lo are positive 
then a^ < 

(ii) If 0 < a < b, then yi" K-Zh'. 
25. (a) 



(c) 



-2-101234 



-H— H (|)— <|) \ <!>—+- 

■ 2 -1 0 1 2 3 4 



C ji I I I I I 

-2-1 0 I 2 3 4 
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■ Suggested Test Items 

1. For each pair of sentences, determine whether the two 
sentences are equivalent 

(a) 5x + 6 = 8, X = f 

FTT-o^ ^ = 2 
(c) I x| + 1 = 4, - 9 = 0 

2. For each pair of sentences, determine whether the two 
sentences are equivalent, 

(a) x(x ~ 5) + 5 (x - 5) = 0, X - 3 = 0 

(b) x(x - 5) - 3 (x - 5) = 0, x^- 3=0 

3. Find the truth set of each of the following sentences, 

(a) x(x - 5) ^^'5(x - 3) = 0 

(b) x(x - 3) - 3(x - 3) = 0 

4. Find the truth set of -n/1 - 2x = x - 1. 

5. Solve: -v/x^ - 9 = ^ 

6. Graph the truth set of each of the following sentences. 
Describe the truth set. 

(a) 8y - 3 > 3y + 7 

(b) I xl < 1 - X 

7. Graph the truth set of each of the following compound 
sentences • 



(a) 


X 


- 3 


< 


0 


and 


X 


> 


0 


(t) 


X 


- 3 


< 


0 


or 


X 


> 


0 


(c) 


X 


- 3 


> 


0 


and 


X 




0 


(d) 


X 


- 3 


> 


0 


or 


X 


<. 


0 
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8. Describe and graph the truth set of 



m 

9. Solve and graph 



^<1 

y"^ - 1 



10. Solve and graph 

X + 1 

11. Describe and graph the truth set of 

+ 1 < 2x + 1 
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Chapter l4 

GRAPHS OF OPEN SENTENCES IN TWO VARIABLES 

In this chapter we extend graph work from the line to the 

plane by introducing coordinate axes and associating points of > the-.- 
plane with ordered pairs of numbers. We draw the graphs of the 
truth sets of "sentences in two variables, both equations and in- 
equalities, with especial attention at first to linear expressions. 
We include graphs of open sentences which Involve absolute value. 
For the better students we give some attention to reflection of 
the points of the plane about an axis, and movement of points In , 
the plane, and the effect of these changes on the equation of the 
graph. 

Students who have studied the S.M.S.G. 8th Grade Co\xrse will 
have some familiarity with the rectangular coordinate system in 
ithe plane and some simple graphs. Most of this chapter, however, 
will be new to them. 

The teacher is referred to Studies in Mathematics , Volume III, 
pages 6.8-6.17, for a discussion of open sentences in two variables 



14-1. The Real Number Plane ♦ 

Page 405 . We hope to put enough emphasis on the ordering of the 
pairs of numbers, both now and later^ so that this _is. perfectly 
natural to the student. That is why we start with one number line. 
Page KX)6 . Here again vie work on the ordering. The pupil should 
be expected to state, for points P, A, B, L, and that the 
number written first is the ono associated with the horizontal 
number line, and the one written second is the one associated with 
the vertical line. 

The number pair for Q differs from that for P in that the 
second number for Q Is negative, v/hile the second number for P 
is positive. The second number for Q is negative because it is 
measured down from the horizontal number line, while the second 
number for P is measured U£. 
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The ordered pair associated with E is (5,4), with C is 
(-2,-5), with is (0,-5), with D is (5,-6). The ordered 
pair associated with H is (0,0), with P is (8,o), and with 
G is i-^fO). If a point lies on the horizontal line, the second 
number of the ordered pair associated with the point is 0. 
Page 407. Here again, in pointing out the difference in the 
ordered pairs of niimbers associated with S and T -we emphasize 
the order. 



Answers to Prob lem Set 14- la ; page 4o8 ; 



1. 



A(6,-6) 

B(-5,-5) 

C(5,-4) 

D(-8,-4) 

E(2,5) 



P(4,6) 
G(-5,0) 
H(0,-6) 
I(-4,5|) 

J (7^,5) 



K(-8,4) 

L(7,0) 

m(0,7) 



2. Point out to the pupils the use of Roman num^als in the 
niimbering of the quadrants. The points for which the 
second coordinate is equal to the first lie in quadrants 
I and III. 

5. All the points whose 

ordinate s are -5 lie 
5 vinits below the 
X-axis. They form a 
straight line. 
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h. All the points whose abscissas 

^ 1 
are ^ lie on the line 1-^ 

units to the right of the 
y-axls . 
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Answers to Problem Set l4-lb ; pages 409-^11: 
1. 



2. 
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Figure for Problem 1. 

G and H are not the same point, because although the 
same numbers are used In the coordinates, the order Is 
different. For the same reason, I and J are not 
the same point, nor are K and L. 
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[pages 408-409] 
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All of the ordered pairs 
of numbers have the abscissa 
2. All of the points for 
which the abscissa of the 
ordered pair Is 2 lie 
on the line parallel to 
the y-axls and 2 units 
to the right of it.' 



-f-t(2.3) 
(2,1) - 

Mi 



I (2,0) 



(2^ 



Figure for Problem 3, 



All of the ordered pairs having 5 for their ordinates 
are associated with points which lie on the line parallel 
to the y-axis and 5 xmits above it. 



If you could locate all 
of the points whose co- 
ordinates are pairs of 
numbers for which the 
first and second number 
are the same, you would 
have a straight line 
through the origin. 



-(-2, 



2). 



•(-5r5i 



(-6r6r 



(-74- -7^V 

I 1 I I I 



(2,2 



I 2 3 



(6.5,6.5) 
(5,5)- 



Figure for Problem 5. 
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*6. Each point Is moved to a point with the same ordinate, 
, b^'t whose abscissa Is the opposite of the abscissa of 
the original point. 

(b) {-2,1) goes to (2,1) 

(-2,-1) goes to (2,-1) 
(|,2) goes to (- |,2) 

(1,-1) goes to (-1,-1) 

(-5,0) goes to (5,0) 

(5,0) goes t;. (-5,0) 

(0,2) goes to (0,2) 

(0,-2) goes to (0,-2'J^' 



(2,1) 


goes 


to 


(-2,1) 


(2,-1) 


goes 


to 


(-2,-1) 


(-1,2] 


goes to 




(-l,-l)goes to 


(1,-1) 


(5,0) 


goes 


to 


(-5,0) 


(-5,0) 


goes 


to 


(5,0) 


(0,2) 


goes 


to 


(0,2) 


(0,-2) 


goes 


to 


(0,-2) 


(c,-d) 


goes 


to 


(-c,-d) 




goes 


to 


(c,d) 


( c,d) 


goes 


to 


(-c,d) 



The points on the y-axls 
go to themselves. 
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Figure for Problem 6. 



y 



(1,1) goes to (5,1) 

(-1,1) goes to (1,1) 

(-2,2) goes to (0,2) 

(0,-5) goes to (2,-5) 

(5,0) goes "to (5,0) 



H,2) 



(3,01 



Figure for Problem 7, 
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(b) 


(-1.1) 


goes 


to 


(1,1) 




(-5,1) 


goes 


to 


(-1,1) 






goes 


to 


(-2,2) 




(-2,-5) 


goes 


to 


(0,-5) 




(1,0) 


goes 


to 


(5,0) 


(c) 


(c-2,d) 


goes 


to 


(c,d) 


(d) 


(-c-2,d) 


goes 


to 


(-c,d) 


(e) 


Mo point 


3 go 


to 


themselves . 



fl. 

1^-2, Graphs of Open Sentences With Two Variables . 

Here our object is to establish the connection between ordered 
pairs as associated with points in. the plane, and ordered pairs as 
solutions of open sentences. Again the emphasis is on the order. 
Page ^11 . If 0 is assigned to y and -2 to x, we have 

3(0) ~ 2(~2) +6=0. This sentence is not true. 
If 0 is assigned to x and -2 to we have 

3(-^2) - 2(0) -h 6 = 0. This sentence is true. 
Page ^11 . As seen above, (0,-2) belongs to the truth set of the 
sentence 

5y - 2x 6 = 0 
while (-2,0) does not belong to the truth set. 
Page ^12 , If r is taken as the first variable, solutions of 

"s = r + 1" Include (0,l), (-5>~^0; (2j.5j) and so on. («2,~5) 

is not a solution but (~5,-2) is a solution. 

If u is taken as the first variable, solutions, of 

"v = 2u^'' include (0,0), (2,8) , (-1,2) , (.5>.5) and so on. 
(-1,2) is a solution; (2,~l) does not satisfy the sentence. 

Solutions of "y = ^"-^ ai: a sentence in two variables Include: 
(0,)i), (-5,4)> (b.^.^O and so on'. 'Every ordered pair satisfying 
the sentence has h as its ordinate. 

[pages illl~i|12] 
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Every ordered pair satisfying the sentence "x = has 
-2 as Its abscissa. 



Answers to Problem Set l4-2a ; page kl3: 

1. (a) The truth set Is the set of all ordered pairs whose 
ordlnates are 5» 

(b) The truth set Is the set of all ordered pairs whose 
abscissas are 0, 

(c) The truth set Is the set of all ordered pairs such 
that the ordinate Is -5 times the abscissa. 

(d) The truth set Is the set of all ordered pairs whose 
abscissas are 5t 



2. 



5. 



Suggested pairs are given here. Have each pupil check 
his choices of solution by verifying to see that they 
satisfy the open sentences: 



(a) 


(0,-2), 


(2,4), 


(b) 


(-2,0), 


(0,2), 


(c) 


(-5,10), 


(0,1), 


(d) 


(-1,1), 


(0,0), 


(a) 


(1,2), 


(-2,-5) 


(b) 


(0,5), 


(-5,4) 


(c) 


(-2,-5), 


(5,8) 


(d) 


(-5,-5), 


(4,5) 



(-2,-8), 

(5,10), 
(2,2), 



(|,|) 
(-5,-5) 

h' 9 ' 

(1 iL) 
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Figure for Problem 4(a) . 
(c) 
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Figure for Problem 4(c). 
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Figure for Problem 4(b) 



(d) 
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Figure for Problem 4(d) 
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In doing these, and in the class discussion of them, the pupils 
will soon note that the points in (a) seem to lie on a straight 
line as do those in (b), while neither those in (c) nor those in 
(d) lie on a single straight line. Encourage the pupils to question 
this - rhey will find answers further on in the chapter. 



X 


-9 


-6 


-3 


0 


3 


5 


i4 


y 


-8 


-6 


-4 


-2 


0 




9 

i . .... 



Examination of the graph will show the student -^o all of 
the points associated with the ordered pairs indicated in the table 
do seem to* lie on the line,. 

The coordinates of point A do satisfy the equation, since 

2(6) - 3(2) -6=0 

is a true sentence 

The general form of the linear equation in two variables 

Ax + By ^- C = 0 

should be stressed, and referred to often, so that the pupils will 
instantly recognize such equations and will automatically associate 
them with straight lines. Since the students have not studied 
geometry formal.*' y, we would not expect them to understand a geo- 
metric definition of a line. However, their experience with draw- 
ing graphs of equations of the form Ax ^i- By + C = 0 suggests 
that we take as our defintion: 

A line is a set of points whose coordinates 

satisfy an equation of the form 

Ax + By + C = 0, 
with not both A and B zero. 

In general, every graph (set of points in the plane), even 
'the empty graph, is associated with an open sentence, and conver- 
sely. 
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Notice that we have used "straight line" and "line" inter- 
changeably. Hereafter, we shall prefer the less redundant "line". 
Be sure that the students understand that lines are "straight" by 
our mathematical definition, and that "curved line" is a contra- 
diction in terms. 



Answers to Problem Set l^-gb ; pages 4l6-4l7. 

The teacher should be sure to insist in all of the exercises 
which follow that lines be drawn as long as possible within the 
area of the graph. Prom the outset the tendency to draw only seg- 
ments should be discouraged, unless limitations are included in 
the open sentences. 

1. All the points whose 

ordinates are -5 are 
on a line parallel to 
the horizontal axis and 
3 units below it. 



Figure for Problem 1. 



2. The equation whose graph 
. is the, horizontal axis 
is "y =0". The equa- 
tion whose graph is the 
vertical axis is "x O". 
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Figure for Problem 2. 
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5. 



Line (a) includes all 
possible points such 
that each has its 
abscissa equal to the 
opposite of the ordinate. 
Line (b) includes 
those points such that 
each has ordinate twice 
the abscissa. 
Line (c) includes the 
points such that each has 
ordinate that is the 
opposite of twice the 
abscissa. 

All of these graphs are 
lines, and all pass through 
the origin. Their equations 
are: 

(a) y = -X 
/ (b) y = 2x 
- (c) y - -2x 

All of the graphs are 
lines through the origin. 
The graph of (a) rises 
as it goes from left to 
right, while the graph of 
(d) descends. The same 
pattern applies to the 
graphs of (b) and (e), 
and also to the graphs 
of (c) and (f ). 
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Figure for Problem 3. 
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Figure for Problem 4, 
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The graph of (a) 
differs from the 
graph of (b) in 
the fact that it 
cuts the y-axis 
at a point 8 
units .above the 
point where the 
graph of (b) 
cuts it. The 
graph of (c) 
cuts the y-axis 
at a point 10 
units above the 
point where the 
graph of (d) 





i < 




y ! i / 


1 i y; 










; 




•—- ! 

: ! 




— : — -^ y 1' z 














1 


























I i 










— \ — 












! < i ' 




i/- 




1 
















/ X 






















i i i 








i 










.J 






<^ 




1 ! 














-yt— 










































i 
































^ — 








































/ 








































/ 


































H- 








































0 


1 














X 












































































it 


































/ 

















































































































Figure for Problem 5. 

cuts it. The graph of (e) not only cuts the y-axis at 
a different point than the point where the graph of (f) 
cuts it, but also the graph of (e) rises while the 
graph of (f) descends. 

The graphs of (a) and (b) appear to be a pair of 
parallel lines. The graphs of (c) and (d) also appear 
to be parallel, but the graphs of (e) and (f) are not. 

Page 408. Upon attempting to locate points such as (-2,5)^ 
(-1,2), (0,2), (1,4), (2,8),. and (3,10), the pupils will 
soon note that the points are not all on one line, but that they 
all lie above the line which is the graph of the open sentence 
"y = 3x", since along the y-axis "greater than" means "above". 
The open sentence whose graph is the set of, points for which the 
ordinate is greater than 3 times the abscissa is "y > 3x" . 
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Answers to Problem Set l4>-2c; pages 420-422: 



!• The open sentence whose 
truth set Is the set of 
ordered pairs for which 
the ordinate Is two 
greater than the abscissa 
Is "y= X + 2".' The 
graph of the set of 
points associated wllih 
this set of ordered pairs 
Is the line shown in the 
figure. 

It Is not possible to draw the graphs, of both' of the 
sentences "y > x +2" and "y > x + 2", because In the 
first one the line whose equation Is "y = ^ + 2" Is 
dotted, and In the second one it Is a solid line. 
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Figure for Problem 1. 
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In the sentence "y = |x|", 
since x Is positive for 
all. values of x, it 
follows that y is never 
negative. The solutions 
for which the abscissas 
are given are: 
(-5,5),(-l,l),(l^,l|), 
(2,2), (4,4). 



(a) 


y = 


2x 








X 


-3 


-1 


0 


2 


5 


y 


-6 


-2 


0 


4 


10 


(b) 


y = 


3x 








X 


-2 


-1 


0 


2 


3 


y 


-6 


-3 


0 


D 


Q 


(c) 


y = 










X 


-4 


-1 


0 


2 


5 


y 


-2 


1 


0 


1 


4 


(d) 


y = 








X 


-9 




0 


3 


6 


y 


3 


2 


0 


-1 


-2 


(e) y = 


X 








X 


-8 


-4 


0 


3 


7 


y 


-8 


-4 


0 


3 


7 


(f) y = 


-X 
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-7 


-5 


0 


3 


4 
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7 


5 


0 


-3 


-4 



The graphs of all of these 
through the origin, 
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Figure for Problem 2. 
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Figure for Problem 3. 



open sentences are lines 



(a) 


y = 


= |x 
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-6 
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8 
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12 


(b) 


y = 


■fx 


- 3 
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(c) 


y = 


= |x 


- 6 
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0 
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(d) 


y = 




+ 3 
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y = 


- 3 V 

- ^ X 


+ 6 
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Figure for Problem 



The graphs of all of these are lines parallel to each 
other. 
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Figure for Problem 5(a) 
(a) 2x - 7y = 14 



y = yX - 2 




Figure for Problem 5(b) 
(b) 2x - 7y > 14 



y < fx - 2 
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Figure for Problem 5.(c) . 



(c) 2x - 7y < 14 

y > I X - 2 

In parts (b), (c) 
review the vfork done in 13-2 on 
ities. Have the pupil recall the 

2x - 7y > 14 

- 7y > 14 - 2x 

- 7y > -2x + 14 

y < I X - 2 




Figure for Problem 5(ci) 



' r 2x - 7y > 14 

y <jx - 2 

and (d), to get the y-foi*m we 
finding the truth sets of inequal- 
steps involved: 

(addition property of order) 
(commutative property of addition) 
(multiplication property of order) 
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6. (a) 



(c) 



5- - 2y 
y 

2x + 5y 
y 

5x + y = 

y = 
5x - 4y 

y 



= 10 



X - 5 
= 10 

2 

= - |k + 2 

: 10 

= -5x + 10 

= 6 



In finding points for 
(d), some class discuss- 
ion on convenient re- 
placements for X 
would be in' order. The 
point (2,0) seems to 
lie on the graphs of (a), 
(c), and (d). We verify 
that these coordinates 
satisfy t/ie open sen- 
tences as follows : 
(a) 5(2) - 2(0^ = 10 is 
a true sentence 

(c) 5(2) + 0 = 10 is 
a true sentence 

(d) 5(2) - 4(0) = 6 is 
a true sentence. 




Figure for Problem 6. 
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.7. 



(a) 



2x - 3y = 10 

2 



Here it would be a help 
to the pupil to point 
out that If he can find 
one integral replace- 
ment for X which pro- 
duces an Integral value 
for y, then he can 
find as many others as 
he wishes by adding to 
the first value of x 
multiples of the denom- 
inator of the fraction 
which is the coefficient 
of X, For example: 
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-4 
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(b) 



•X + 2y 

y 



1 
2 

iv a- 1 




Figure for Problem J, 



Here it is apparent upon inspection that there are no in- 
tegral values X which produce integral values for y. 
So we make the best of it: 



X 


-4 


0 


3 
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(c) 3:-. + 2y = 5 



y = - Ik + "I 



1 X 



y = 12 
y = |x - 18 
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8. (a) 
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-72 


-1 


1 


0 


1 
? 


1 




2 


3 


y 


9 




2 


1 


1 


0 


1 

T 


1 


2 


4 


9 


(b 


) 




X 


-3 


-2 


-72- 


-1 


1 

"5 


0 


1 
? 


1 


^/2" 


2 


3 


y 


-9 


-4 


-2 


-1 


1 


0 


1 
-Tj- 


-1 


-2 


-4 


-9 


(c 


) 








X 


-3 


-2 


-1 


1 


0 


1 


1 


2 


4 


3 
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10 


3 
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5 




10 






.) 
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Figure for Problem 8(d) 



Figure for Problem 8, 
(a) - (c). 
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The graphs of these sentences are not lines, but curves • The 
open sentences for the first three differ from those consider- 
ed in previous problems in this chapter in the fact that in 
each of them the x is squared • In the open sentence for 
(d), y equals, not a multiple of but its reciprocal. 

So we cannot say that the graph of every open sentence is a 
line. There is no harm in telling the pupils that the first 
three graphs are called parabolas, while the fouTth is a 
hyperbola. These will be met again later on, 

^9* The object of this problem is to make the pupil aware 

that a given point may be associated with many different 
ordered pairs, depending upon the location of the axes« 

(a) 



Point 




(a,b) 


P 


(-^2) 


(-8,-1) 


Q 


(-5,6) 


(-9,5) 


R 


(11,8) 


(7,5) 


S 


(-8,-2) 


(-12,-5) 


T 


(8,1) 


(^,-2) 


U 


(2,2) 


(-2,-1) 


V 


(5,-'0 


(-1,-7) 


W 


(12,-2) 


(8,-5) 



The brighl; student may quickly discover that for each 
point "a = X - 4*' and "b = y - 5", He should be en- 
couraged to use these facts as a check on his results • 
If in doing part (b) he uses these facts, then he 
should check each ordered pair by locating the point on 
the figure for this problem. 
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(b) 



(5,-5) 

(-5,-^) 

(-1,0) 

(3,5) 



(1,-8) 
(-7,-7) 
(-5,-3) 
(-1,2) 



l4-3» Slopes and Intercepts * 

The students need to draw careful graphs of (a) throTigh (j) 
and find the equation of each of these graphs In preparation for 
Problem Set l4-3a. 



(a) 



X 


-6 


-3 


-4 


0 


3 


5.1 


6 


y 


-6 


-3 


-4 


0 


3 


5.1 


6 



When the successive points are connectedj, they lie on one 
line. There are no points in the table which do not lie on 
the line through (-6,-6) and (6,6). The point (8,8) is on 
the line, but not on the part of it between (-6,-6) and 
(6,6). The open sentence v/hich describes this graph for all 
points in the plane is "y = x". The line divides -the angles 
formed by the axes into two equal parts. 

(M 



X 


-6 


-5.1 


-4.3 


0 


2.5 


4 


6.1 


7 


6 


5.1 


4.3 


0 


-2.5 


-4 


-6.1 



It would, of coiiTse be easy to determine pairs which fulfill 
the condition without making the table. One line passes 
through all of the -points. The open sentence which describes 
this line is "y = -x". It differs from the open sentence in 
(a) because here we associate y with the opposite of x. 
The pupils might note that this line divides into two equal 
parts the other pair of angles formed by the axes. 
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(c) 


y 


= 2x 


(d) 


y 


= 6x 


(e) 


y 


= 5x 


(f) 


y 


= -6x 




y 




(h) 


y 


= ix 


(1) 


y 


- -ix 


(J) 


y 






y 


- - ix 
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Figure 1. 



Answers to Problem Set 1^-3^ ; page 425: 

1. The coefficients 'of x In the open sentences for which 
the lines lie between the graphs of "y - x" and "x := O" 
are 2, 6, and 3» We observe that all of these numbers ^ 
are greater than 1. 



2. 



3. 



4. 



The coefficients of x In the open sentences for which 

the lines lie between the graphs of "y = O" and "y = x" 

1 
2 



are 



and 



1 



These coefficients are greater than 0 



but less than 1. 



The coefficients of x In the open sentences foi? which 
the lines lie between the graphs of "y = O" and "y = -x" 



are - 



and - 



These coefficients are less than 0 



2 F- . 

but greater than -1. 

The coefficients of x In the open sentences for which 
the lines lie between the graphs of "y = -x" and "x = O" 



are 



-6 and -J. 



These coefficients are less than -1. 
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5. The graph of "y = .Olx" lies between the graphs of 
"y = 0" and "y = x". 

The graph of "y = -lOOx" lies between the graphs of 
"y = -x" and "x - O". 

The graph of "y = -56x" lies between the graphs of 
"y = -x" and "x =0". 

The graph of "y = - -^x" lies between the graphs of 
"y = -x" and "y = O". 

The graph of "y = lies between the graphs of "y = x" 
and "y = O", 

The graph of "y = - ||^" lies between the graphs of 
"y - -x" and "x = O" . 

6. There are many lines through the origin. Where a line 
containing the origin lies with respect to the axes de- 
pends upon the coefficient of x in its open sentence. 
When the coefficient of x is positive, the line lies in 
quadrants I and III. When the coefficient of x Is 
negative, the line lies in quadrants II and IV. When 
the absolute value of the coefficient is less than 1, 
the line lies between "y = -x" and "y = O", or be- 
tween "y = x" and "y = O". When the absolute value 

of the coefficient is greater than 1, and line lies • 
between "y = -x" and "x = O" or between "y = x" 
and "x = 0". 

7. Graphs of equations of the form "y = kx", where k is 
a real number are lines through the origin. When k is 
positive, the graph lies in quadrants I and III. 
When k is negative, the graph lies in quadrants II 
and IV. When k is between 0 and 1, the graph lies 
between the graphs of "y = x" and "y = O". When 

k > 1, the graph lies between the graphs of "y = x" 
and "x = 0". When k < -1, the graph lies between the 
graphs of "y = -x" and "x = O". When | k| > 1, the 
^graph lies between the graphs of "y = x" and "x = O", 
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or between the graphs of "y - -x'' and "x = O". When 
Ik I < 1, the graph lies between the graphs of "y = O" 

and "y := x", or "y := -x" and "y = o", V/hen k Is 

0, the graph Is the x-^axis. 
Page 426 , To find the ordinate s of points for the third open sen- 
tence, "y = j x - we subtract 3 from the ordinate of each 

point in the graph of the first. The coordinates of the points at , 
which lines (a), (b), and (c) intersect the vertical ajcls are 
(0,0), (0,4) and (0,-3) respectively. The ordinate of each pair 
is the same niimber as that added to the term x" in .the 
corresponding open sentence. 

Page 426. The graph of "y = |. x + 4" could be obtained by moving- 
the graph of "y = jx" up 4 xmlts. 

o 

The graph of "y = jx - 3" could be obtained by moving the 
graph of "y = =rx" down 3 units. 



The open sentences are: 
y = I X + 6 

y = f X - 6 

Their graphs are shown in Figure 2, 

The slope is negative when 
the line descends in going from 
left to right. The slope is 0 
when the line is parallel to the 
X-axis. The line "x = 2" does 
not have a slope, because we can- 
not write "x = 2" in y-form. 
Thus, every non-vertical line has 
a slope, and only vertical lines 
do ho t- have s lope s • 
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Figure 2. 
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Page 428 . If we use as the first ntmber in the numerator and de- 
nominator the ordinate and abscissa, respectively, of the point 
^2,2), the ratio is: |-^» or |. Thus we get the same value for 

the ratio regardless of which ordered pair we use first. 

The slope of the line which contains the points (6,5) and 

(-2,-3) is I " or 1. The slope of the line which contains 

the points (2,7) and (7,3) is ^ ~_ 2 ' or - 

Page 430 . V/e have, essentially, a choice between two possible 
definitions of the slope of a line: the coefficient of x in the 
y-form of the line; the ratio of the vertical change to the hori- 
zontal change from one point to another on the (non- vertical) line. 
In a course in analytic geometry, in which a line is given a geo- 
metric meaning, the second of these would be taken as a definition 
and the first proved as a theorem. Here we have tacitly defined 
line in terms of its equation, and it is natural to take the first 
as a definition and prove the second. Your better students will 
prefer to replace the wording of Theorem l4-3 by the more precise 
symbolism: If (a,b) and (c,d) are distinct points on a non- 
vertical line L, then the slope of L is 

b - d 
a - c* 



Answers to Problem Set l4-3b j pages 430-431: 

(») - ?5 - 0 (f) §^ = # - =i°p- 

. -1 -6 -7 7 f \ -2-0 -2 _ 1 



10 - (-12) _ 22_ ^ 



(h) 77-ro --7 ~ 7 
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Page 432. The equation of a line parallel to the line in Figiare 
10 of the text, but which contains the point (0,6) is 

1= 



"y = - Ix + 6". 



Answers to Problem Set Ik-^c ; page 433: 
k 

1. y = J X + 6 

2. y = I X - 12 



4 
J 



5. 

5. y = - ^ X -5 



2 

5 



6. Slope is: -^j; " ^ = J ; equation is: "y = J- x - 5" 



Check: 11 = |- (4) - 5 

7. Slope is: ^ - j " ~ -^^ equation appears to be 

"y = but (5^6) and (-5,-4) are not on this line. 
There is no line satisfying these conditions. 

Page 433 . if the slope of the line had been we would have 

chosen points with respect to (0,6) by counting three units to 
the right and two units up, or three units to the left and two 
units down. Another point would be six units to the right and 
foxAT units up, and so on. 

Recall to the students that vertical lines have no slope, 
and such lines have equations "x = k", where k is a number. 
Thus, the equation of the line-containing (-5,4) which has no 
slope is X = 
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Answers to Problem Set pages 435-439: 



1. (a) Since the y-inter- 
cept appears to be 
(0,2), on the graph, 
the equation of the 
line is: 

y = |x + 2 

(b) The line contain-, 
ing (-6,-3) which 
has no slope has 
equation: 

X = -6. 
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Figure for Problem 1. 



Call attention to the 
distinction between the 
slopes of (c) and (e). 
For (c) the slope is 0' 
and the equation is 
V = 4". For (e) 
there is no slope, since 
the denominator of the 
fraction form of the 
slope is 3 - 5 or 0. 
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Figure for Problem 2. 
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The slope of the line containing (1,-1) and (3,3) is 

or 2 

The slope of the line containing (l>-l) and (-5,-4) is 

or 2 

Hence, the point (-.3,-9) is on the line containing 
(1,-1) and (3,3). 

(a) All of the lines pass through the origin, or have 
the point (0,0) in common. 

(b) All of the lines have the same slope, 

(c) All of the lines have the same y-intercept niimber,- 
-3- 

(d) The lines have the same slope, - Moreover, the 

two whose open sentences are " -^X + y = 3" and 

"2x + 4y = 12" have the same y-intercept niomber, 
hence, they are the same line, and are paralle,! to 
the first one. 
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Figure for Problem ^^d) . 
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(b) 2x - 5y = 6 



y = f X - 2 



5. (a) 5x + i+y = 12 

y = _ |.x + 3 

The y-lntercept number of (a) Is 5 
The y-lntercept number of 
(b) is -2. The Slope of 
the first line Is - ^. The 

slope of the second line Is 

2 . 

3 • 
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Figure for Problem 5. 



6. (a) y = 2x - 7 

(b) y = |.x - 5 

(c) y = 

(d) y = ix - 2 



The graphs of these are 
lines, because each 
open sentence Is of the 
form 

Ax + By + C = 0 
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Figure for Problem 6 , 
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7. 



(a) 



y 




(d) y = -7x -5 



(b) 



y 




(e) y = mx + b 



(c) 



y 



-2x H- ^ 



The equation of every straight line can be put in the 
form Ax + By + C = 0. Every one of these can be put 
into the form y = mx + b except those where 5=0. 
Neither the y-axis nor any lines parallel to it can 
be put in the form y = mx + b. The equation of the 
X-axis "y = o" i£ of this form, in which m and b 
are both 0. 

8. The slope is ^ ^ ^ , or j. The y-intercept is (0,0). 
The equation is "y = jx", 

9. Since the y-intercept nijunber is 7, the line contains 

the point (0,7). Since it also contains the point 

S 7 1 

(6,8), its slope could be written as Z o ^* 
The equation of the line is "y + 7". 

10. The slope is j^ - y or -1. a'he slope of the line 

containing (-3,2) and (x,y) is ^— E"— ^IJJ* The- slope 

of the line containing (3,-^) and (x,y) is (^^ ■ ) 

X - p 

Since -1 and ^ " ? ^ \ ars naiiies for the same number. 



Then y - 2 = (-l)(x +3), by multiplying both sides by 
"(x + 3)", with the restriction that x -3. Then 

y = - X - 1. 
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Since -1 and ^ ^ names for the same number 

y - ("^) = - 1, provided x ^ 5. 

Then y + 4 = (-l)(x - 5), 
y = - X - 1. 

(a) Slope Is 3 ^ or ^, and th pU 
number Is 5» so the equation Is "y = + 5". 

(b) Slope Is or ~ , and y-lntercept number 
Is -4, so the equation Is "y = —x - 4". 

(c) Slope Is or f» and the y-lntercept 
number Is -2, so the equation Is "y = |x -2". 

(d) Slope Is ^ ~ ['p or - |, and the y-lntercept 

g 

number Is 6, so the equation Is "y = - -^x + 6" 

(e) Two expressions for the slope are 

an y - 5 = - (x + 5). 

(f) TwS expressions for the slope are 

then, =0, 
and y - 5 0. 
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(g) The slope is J {^,-7^^ q • q ^ 

niimber. Hence, the line has no slope. The only 
lines that have no slope are vertical lines. The 
vertical line through the point (-3^3) has the 
equation "x + 5 = O". 

(h) Two expressions for the slope are 
Then, 



y - 2 = i(x > 4). 
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Figure for Problem 12. 
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(a) 2w + 2(w + 3). This is a linear expression in w, 
since by using the distributive and associative 
properties it becomes "4w +6". 

(b) w(w + 5), or ^- This is not a linear ex- 
pression in w. 

*14. (a) If d. This expression is linear in d. If the 

diameter is doubled, the cirr^nmference is doubled; 
if the diameter Is halved « Hrcumference is 

halved. The ration ^ ec[i uo V ; this ratio 

does not change when d is caanged. 

(b) TT d^. (If the student is not familiar with 

this, develop it as a combination of the two 
familiar relations, "area is r^" and "d is 
2r," or '*r is -i d"). This expression is not 

2 

linear in d, but it is linear in d • If A is 

the area, 4 = v ^ ^5 = f ' ""^^"^^ 

d 

of ^ changes when the value of d is changed; 

the value of does not change when d is 

d"^ 

changed, 

^^15, (a) The circumference of a circle varies directly as 

the diameter. The constant of variation is • 
The area of the circle does not vary directly as 
the diameter, but it does vary 'directly as the 
square of the diameter. The constant of variation 
is ^ . 

(b) In terms of the graph of a linear expression, the 
constant of variation indicates the slope of the 

ll^s • ^ ^ 
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(c) If the constant of variation is negative, the value 
of the expression decreases as the value of the 
variable Increases. 

(d) The expression would have the form "k-s/x". 

16. The distance In miles would be t". This Is a linear 
expression In t* The distance varies directly as the 
time. The constant of variation is the speed in miles 
per hour* If the automobile has traveled 25. miles at 
the end of 20 min^ ' ,h Is i of an hour) uie 

find the constant ox variation, k as follows: 




Figure for Problem l^fa) . Figure for Problem 17(a). 
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Figure fSrr Problem 17(a) . 
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(b) If the variable x is |lven increasing positive 
values, the values of decrease. If k is 

negative, then for increasing positive values of 
the values of ^ increase. 



18. (a) where w > 0 

(b) 



This is inverse 
variation, and the 
constant of vari- 
ation is 25. 
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Figure for Problem l8, 
Points used tricl\K!e: 



w 


4 


2 


4 -514 


14 


20 


a 


20 


14 


6i 




2 


4 



->^14-U. Graphs of Open Sentences jj ^olvlng Integers Only . 

This section is included b^.'Cia^ase it is hoped the student will 
realize that open sentences do necessarily include all reiall 
m^nbers as possible members of >^:*err ^ ruth sets, and will recQS^ize 
the corresponding situation so ^ar as ^he graphs are concerned. 
Page 441, Each ordinate is one^'^ hz-rTft ::he corresponding abscissa^ 
Hence, we get ordered pairs of :unt^^P's only for abscissas whlcn 
are multiples of 5. 1 and 2 are r\^t multiples of 5, so tney 
cannot be abscissas. 
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Answers to Problem Set l4-4,' pages 444-447: 



1. 
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Figure for Problem ;l(a) . 

(c) 



(b) 
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Figure for Problem l(b) 
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Figure for Problem l(c). 
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2. (a) 



Figure for Problem 2(a) 



(b) 
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Figure for Problem 2(b) 
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Figure for Problem 2(d) 



Figure for Problem 2(c). 

5. -2 < X < 0 and 2 < y < 4 where x and y are integers:. 

4. (ct) y = -3x + 1, V7here x and y are integers. 

(b) ^1 < X < 8 and -2 < y < 2, where x and y are 
intec^rs or 5 < ^x: £ 7 and -1 y < 1, where x 
and y are integers. 

(c) y = -X o for -8 < X < -4, where x and y are 
Integerrs* 

(d) X = -2 and 2 < y.< 7 , where x and y are 
integers. 
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(e) X = -4 or -7 < y < -2, where x and y are 
Integers . 

(f ) -2 < X < 2 and -4 < y < 5^ where x and y are 
Integers • 

(g) X > -6 and y < 6 and y > x + 6, where x and y 
are integers , 

5. (a) (b) 



Figure for Problem 5(a) 




Figure for Problem 5(b) 



The graph of (a) Is a set of Isolated points, while 
the graph of (b) is a straight line. Points on (b) 
but not on (a) Include; - - 

(1,2|), (-2,3|), etc. 

The graph of (c) would have to be drawn as the graph 
of (b), since it would not be possible to indicate the 
"holes" for the irrational values. If x is rational, 
y is rational. 
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li^-5» Graphs of Open Sentences Involving Absolute Value , 

This section dealing with absolute value Is valuable not only 
for the opportunity it provides for recall of work done with abso- 
lute value earlier in the course, but also for the opportunity it 
provides for examining v/hat happens to a graph when certain changes 

made Vn It 3 equation • 
Page 448 , The graphs of |x| = 5 and |x| =7 are pairs of -ver- 
tical lines, and the graphs of |y| =2 and jy| = 5 are pai±?s 
of horizontal lines. The graph of |x| = k is a single line if 
and only If k = 0. 
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Answers to Problem Set l4-5a ;p 
1. (a) 



























y 






























CkJ- 












11 








•1 
































■X- 
















0 
















X 































































Figure for Problem l(a) . 
(c) 
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Figure for Problem l(c) 
(e) 
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Figure for Problem l(e) 
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Figure "for Problem l(b) 
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Figure for Problem l(d). 



(f) 
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Figure for Problem 1(f) 
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Figure for Probiem 2(a). Figure for Problem <?(b) . 




Figure for Problem 2(c). 




Figure for Problems 3(a). o i c: F^sure for Problem 3(b). 
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3. (c) 



(d) 





Figure for Problem 3(c). 



Figure for Problem 3(clj 




(b) 




Figure for Problem 4(a) 



Figure for Problem 4(b). 




(d) 




Figure for Problem 4(c) 



Figure for Problem 4(d) 
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5. (1) y = 3x 

(2) y = -X + 4 

(3) y = |x - 6 

(4) |x| =6 
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Figure for Problem 6. 



Page ^52 . Whether x Is positive or negative, the absolute value 
of X must be positive. So every value of y Is positive for 
every value of x except 0. For x = 0, y = o. 

The two lines which are the graph of y = | x| form a right 
angle, because' each line forms one-half of a right angle with the ' 
line y = 0. A simple equation whose graph would be two lines 
which do not form a right angle would be "y -'2 |x| " or 
"y = -2 |x| or any equation of the form . "y = k |xl " . 

where k Is not 1. 
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Answers to Problem Set 1^-5^; pages 453-454: 
1. (a) i^) 




i I M I I I r Figure for Problem l(b) . 

Figure for Problem l(a) . 




2. (a) (b) 




Figure for Problem 2(a). Figure for Problem 2(b). 




(e) (f) 
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Figure for Problem 2(e). 
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Figure for Problem 2(f). 
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(a) 



(b) 













V 
















> 




















/ 


— ^ 




h 


k 














































n 
























































\ 


/ 


















0 






1 








X 



























Figure for Problem 3(a) , 
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Figure for Problem 3(u). 
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Figure for Problem 3(c) 



Figure for Problem 3(d). 
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Figure for Problem 3(e) 
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Problem 

1(c) Tlie graph of "y = - |x| " can be obtained by 

rotating the graph of "y = |x| " ^ revolution 

about the x-axis, 

l(e) The graph of "x = - | y | can be obtained by rotat- 
ing the graph of "x = jy|" ^ revolution about 

the y-axis, 

2(a) The graph of "y = | ^ | + 3" can be obtained by 
sliding the graph of "y = |x| " up three units. 

2(b) The graph of "y = | x | -7" can be obtained by 

sliding the graph of "y = |x| " dov/n seven units, 

2(d) The graph of "x = | y| + 3" can be obtained by 
sliding the graph of "x = |y| " to the right 
three units. 

2(f) The graph of "y = - |x| • l" can be obtained by 
rotating the graph of "y = " about the x-axis 
and then sliding it dovm one \anit. 

3(a) The graph of "y = |x - 2| " can be obtained by 

sliding the graph of "y = |x| " to the right two 
lonlts . 

3(b) The graph of "y = | x + 3 | " can be obtained by 

sliding the graph of "y = |x| " to the left three 
lonits . 

3(d) The graph of V = |x + 3 | - 5" can be obtained by 
sliding the graph of "y = | ^ | " to the lefU three 
units and down five \anits. 
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*5. ir X = 6, there -are: no possible values of y, since 
|y| = -1 and thiis 03. impossible. If y = | 2l , there 
are two possible -alues for y: y = -2 read y — 2, 



-3 



-2 



-1 



0 



0 



0 



-5 



1 1 

— ^= 



-4 1 2 



-2 



0 



The graph shown is the gp-eiah 
of |x| + |y| = 5, as "*J.l 
as the graphs of the four 
open sentences: 

X + y = 5* and 0 ^ x 5 

or X - y = 5* and 0 x ^ 5 

or -X + y = 5^ and -5 ^ ^ ^ 9 

or -X - y = 5^ and -5 < x < 0 

It was necessary in these 
to limit the values of x 
so that only the indicated 
segments of the lines would 
be included,^ 

*6. (a) Point out to the 
pupil the four 
open sentences im- 
plied here: 
X + y > 5, 

or X - y > 5j 

or -X y > 5^ 

or -X - y > 5 . 
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Figure for Problem 5. 
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The graphs of the (Sctjk^ ^7^axd±ng equatloris: "x y = 3 



or X - y 5 o^? 
lines. Now note the- 



y = 5'^ 



are" ^ :en dravm with dotted 
yj'- 5 becomes y > -x + 5 

' C -f-y^ 5 becomes y > x +5 

So the area above each fee jies where "x 4- y = 5^' 

and "-X + y = 5" Is sh Jed.. 

Also: X - y > 5 bee nn^es^ y < -5 

-X - y > i ^cr^xiuv y < -5 

So the area below each ^r" t:rp lines where "x 
and "-X y = 5" is u 
Therefore the graph of 
plane outside the grapl: 

(b) In the same line c r^a^^^criing 

|x| + |yl < 5 imp: les 

X + y < 5, 

and X - y < 5^ 

and -X 4- y < 5^ 

and -X - y < 5. 



|:^"| > 5 is all of the 

- |yl = 5. 



Hence, the graph is the 
area inside the graph of 

|xl + |y| = 5. 
Verify on the nximber 
line that "|yl < k" is 
equivalent to "y < k 
and -y < k", whereas 
"|y| > is equivalent 
to "y > k or -y > k" . 




Figure fzT Problem 6(b) . 
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(c) The graph is: the 
same as thscr for 
(b), except that 
the lines are 
solid to indicate 
that the grsph of 

|x| + lyj = 5 

is included, as 
' v/ell as the graph 
of |xl + |y|< 5. 

(d) "|x| + |y| <| 5" implies 
"|x| + |y| = 5 or 

|x| + |y| > 5", so the 
graph is the same as 
that for (a), except 
that the lines are 
solid. 




Figure for Problem 6( c ) 




Figure for Problem 6(d) 
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The four qpen sentences 
whose gra^s form the same 
figure are: 
X - y = 3j and x > 3 
X + y « 3^ and x ^ 3 
-x -h y = 3, and x ^ -3 

-X - y « 3, and X ^ -3 224 

















y 


























































4- 




























































0 






> 










X 
























ICS 












d 

























































Figure for Problem 7. 



[page 454] 



489 



Answers to Review Proiilsms , pages 4-55-463: 
1. . (a) y = 3x 

(b) y = 

(c) 



3 



0 < X < 3 and I < y < 5^ v/here x arra y are ' 
integers . (or: 1 < x ^ 2 and 1 ^ y ^ where 
X and y sre integers . ) 

(d) X = 2 and -1 < y < 8, where y is arr integer 
(or; X = 2 and 0 < y < 7, where y Is: an integer) 

(e) y = 2 |x| 

(f) y = |x| -2 

(g) y = |2x - 4l , I.e., y = 2 |x - 2| 

(h) |:x| + |y| 1 8 

(i) y 1 + 2 

(j) y > 2 jx ~ 3| 
(k) - > - X + 4 

(/) :z < 6 and y > 0 and y < x, where x and - y" are 
:integers; or x 5 and F > 1 and y ^ x, where 
X. aind y are integers. 

(a) (b) 




KKKK 

Figure for Problem ^-a) 



IPlgnre ^tS2r1Broblea:_2(b) 
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Figure for Problsn ^^(e) . Figure Cor Problem 2(f) 

(g) No graph Is pr^sslbia., sirrre -r- iy|" must be 



positive, lllr^erefore, the truth of 
"|x| + |yi -2" is 




(1) 



S'igure for Problemi-:2(h) 



Figure 



IS 



an j 



rroblem 
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b = 2a - 5 
b = - I a +. 5 
b = - 5 
a - 7 I = 1 



•"1 

L^: y = 2x - 5i 

L^i y = - I X ; 

Li^J y = - 9; 

L^: I X -5| = 1; 

(a) a Is negative 

(b) b Is positive 

(c) P (a,-b); Q(-a,-b); R(--a^::) 
(c,-d) is in quadrant II 
(-c,d) Is in quadrant IV 
(-c,-d) Is in quadrant I 



7. (a) T!he graph of 

"y 3x + 4" Is 
rotated about the 
y-axls. 

(b) The graph of 

"y « 3x + 4" is 
rotated about the 
X-axis, 

(c) The graph is moved 
down 3 units, 

(d) The graph is moved 
2 units to the 
right. 
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(a) 


y 


= -2 


|x| 


(b) 


y 


= 2 


Ix -3l 


(c) 


y 


= 2 


|x + 2| 


(d) 


y 


= 2 


|xl + 5 


(e) 
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= 2 


|x - 2| - 4 
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Figure for Problem 8, 



(a) JBie same line was 
t±ie graph of each 
equation. You 
coulsS get the 
secord equation by 
multiplying the 
members of the first 
equation by 3. 

(b) The graphs would 
be the same 
straight line. 

(c) The graphs of the 
two equations will 
be the same line if 
there is a number 

k such that: 

D « kA, E = kB, and P = kC. 
If the graphs are the same line, then 
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Figure for Problem 9. 
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10. (a) 



(b) 



The graphs have > the 
same slopes, and are 
parallel lines. The 
coefficients of x 
and y In the second 
equation are foiir 
times the coefficients 
of X and y in the 
first equation. 

The graphs would be 
parallel lines, un- 
less D = kC, in 
which case they 
would be the same 
line. 

The graphs will be parallel lines if there is a 

number k such that D - kA, E = kB, and P / kC 

If the graphs are parallel lines, then 

A „ B y C 
13 " E ^ 
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Figure for Problem 10. 



11. (a) 
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Figure for Problem 11(a) 
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Figure for Problem 11(a). 
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(b) 
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Figure for Problem 11(b). 
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Figure for Problem 11(b). 



In both cases, it is obvious that the graphs depend on 
the choices made for the first variable. We speak of 
sentences with two ordered variables because we are deal 
^ Ing with ordered pairs of real numbers, and unless the 
variables are also ordered we have no way of knowing 
which number of an ordered pair corresponds to which 
variable. 

•^•12. Each point of the plane is moved to a point having the 
same abscissa* as before, and the ordinate of the new 
point is the opposite of the ordinate of the original 
point. This amounts to rotating the points of the plane 
one-half revolution about the x-axis. 
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(a) (2^1) goes to 
(2,-1) goes to 

(- •|-j2) goes to 

(-2,-3) goes to 

(3>0) goes to 

(-5,0) goes to 

(0,5) goes to 

(0,-5) goes to 

(c) (a.,-b) goes to 

(d) (-a,b) goes to 

(e) (a,-b) goes to 

(f) All points on the x-sxlis 
go to themselves. 



2,-1) (D) 
2,1) 

- |.-2) 

~,3) 
XO) 
-5,0) 

0,-3) 

:2u,b) 

-a,-^£\) 
a,i!.} 



(H,-l) goes to (2,1) 
(£,J.) goes to (2,-1) 

(-^,-2) goes to (- |,2) 

(-2,3) goes to (-2,-3) 
(5..,.JD) goes to (3,0) 
i-5,0) goes to (-5,0) 
(0,-5) goes to (0,-5) 
(0,5) goes to (0,-5) 

y " I 




Figure for Problem 12. 

The points of the plais aove up two units and to the left 
three units. 



(a) (1,1) 


goes 


to 


(-2,35 (b) 


(4,-1) 


goes 


to (1,1) 


(-l,-l)goes 


to 


(-4,i) 


(2,-3) 


goes 


to (-1,-1) 


:-2,2) 


goes 


to 


(-5,4) 


(1,0) 


goes 


to (-2,2) 


(0,-3) 


goes 


to 




(3,-5) 


goes 


to (0,-3) 


D,o) 


goes 


to 


(0,2) 


(6,-2) 


goes 


to (3,0) 
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(a,b-2) goes to (a-3^b) 

(-a+3,-b-2) goes to (-a,^b) 

No point goes to itself 

Moving (a,b) to (a,b-.2) 
has the effect of sliding 
the points of the plane 
dovm two units. 
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Figure for Problem 13. 
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Suggested Test Items 
Consider the equation 2x - 5y + 6 = 0 

(a) Write the equation In the y-form. 

(b) What Is the slope of the line with this equation? 
(o) What Is the y-lntercept of this line? 

(d) Draw the graph of the equation • 

(e) What Is an equation of the line parallel to the 
given line and with y-lntercept number -2? 

What Is the value of a such that the line with equation 
3ix + 2y - 6 = 0 contains the point (a, 3)? 

What Is the value of b such that the point (2,-3) Is 
on the line with equation 2x - by = 3? 

Determine the slope of each of the lines whose equations 
are; 

(a) y - 3 = 0 

(b) X = 2y - 2 

(c) -X + 1 = 0 

Given the equation x^ - 1 - y = o and the ordered pairs 

(0,2), (-3,8), (1,1), (.2,lf), (0,-1), (0,1), (-2,3), 

Which of the given ordered pairs are elements of the 
truth set of the given equation? 

Give a reason why or why not the equation In Problem 5 
has a graph which Is a line. 

Draw the graphs of each of the following with reference 
to a different set of axis. 

(a) 2x + y + 5 = 0 (f ) 2y + 3 = 0 

(b) y = |x - 2 (g) y - X > 0 

(c) 2x - 1 = 0 (h) X - 2y > 0 

(d) |y| = X . (1) X + 2 « y or X « y 
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(e) X = 2y + 3 ( j) x + 2 =- y and x = y 

8. Draw a line such that the coordinates of Its points are 
the ordered pairs for which each ordinate Is twice the 
opposite of the abscissa. What Is the equation of this 
line? 

9. Prom one point to another on a line the horizontal 
change Is -3 units and the vertical change Is 6 units. 
What Is the slope of the line? 

10. If the line described In Problem 9 contains the point 
(0^-^)^ what Is an equation of the line? 

11. Is the point (-1^4) on the line containing the points 
(-6,7) and (9^-3)? Give a reason for your answer. 

12. With respect to separate sets of axes, draw the graphs of 

(a) X > -4 and x < -1, with x and y Integers. 

(b) X > -4 and x < -1, with x and y real numbers. 

13. With respect to separate sets of axes, draw the graphs of 
(a) |x - 1| = 3 (b) |x - 1| < 3 

14. With respect to separate sets of axes, draw the graph of 

(a) y = |x| + 1 (c) X + 2y > 4 

(b) y = |x + 1| (d) |x + 2y| > 4 
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Chapter 15 
SYSTEMS OF EQUATIONS AND INEQUALITIES 

The system of linear equations 
Ax + By + C = 0 

< 

Dx + Ey + F 0, . . 

that Is, the conjunction 

Ax + By C = 0 and Dx + Ey + F = 0, 

arises In many contexts where two variables have two conditions 
placed on them simultaneously. This probably explains why such a 
system is often called a "system of simultaneous equations". 

We want the students to continue extending their ideas about 
sentences, truth sets, and graphs. Thus, such a system is another 
example of a sentence in two variables, and we again face the prob- 
lem of describing ios truth set and drawing its graph. As before, 
we solve this sentence by obtaining an equivalent sentence whose 
truth set is obvious. Here we are aided. by the intuitive geometry 
of lines. Two lines either intersect in exactly one point or they 
are parallel. If the lines given by the system intersect, then the 
point of intersection must have coordinates satisfying both equa- 
tions of the syntem, and this ordered pair is the solution of the 
sentence. Thus, the problem is one of finding two lines through 
this point of intersection whose equations are the most simple, 
namely, a vertical line and a horizontal line. All methods of 
solving such systems are actually procedures for finding these 
two lines. 

Page 466 . Our symbolism 

jAx+By + C = 0 
I Dx + Ey + F - 0 
is Just another way of writing the open sentence 

Ax + By + C - 0 ajid Dx + Ey + F = 0. 



236 



502 



The students must not interpret the symbolism as the disjunction 

"Ax +By + C=:OorDx+Ey + P = 0". 

. In Problems 'l(a) through 1(e) of Problem Set- 15-la, 
the students are to estimate the coordinates of the points of In- 
tersection from carefully drawn graphs and then verify that their 
guesses (estimates) are good ones. 
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Truth st:<^(-%\-"-|J 



The student^s estimates :iDlght be {(-4.2, -8.1)} or 
-8)}. Do not trj to bring out the exact values 
at this time. This problem will be used as a basis of 
discussion In the next pages. 

2(a) 2{b) 




Truth set: All points of o'OQ Truth set: All points of 
both lines. both lines. 
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g ^Page 467 , Other compoxmd sentences with truth set {(-1^3)) are o 

i^f:/.l"- ■ X + 1 = 0 and y - 3 = 0, --^ 

X + 1 = 0 and 2x + y - 1 = 0, 

X + 2y - 5 = 0 and y - 3 = o, 

. Pages 468-472 , Our purpose here Is to derive a method for solving 
a system of equations 



{ 



Ax + By + C = 0 .V 

(A / 0 or B 0; D / 0 or E ^ O) , 

Dx + Ely + F = 0 



{ 



on the assumption that this system has exact ly„.one ordered pair 
of real numbers as Its solution. We think of the Individual 
clauses of the system as equations of Olnes and try to find a 
horizontal line and a vertical line wh±2h pass through the point 
common to this f Ir^ psir of lines. If- these new lines have equa- 
tions V = am: "x = c", then (c^d) is. the solution of our 
system. 

The lines of isae system f Ax + By + C = 0 

Dx +.Ey + F = 0 

have exactly one point In common If and only If they are neither 
parallel nor coincident. We kxiow that two lines ar^ parallel or 
coincident If and only If they are both vertical or both have the • 
same slope • Putting these statements together* we can say that the ' 
lines of the above system have exactly one point In common If and , 
only If Y 

(I) B ^ 0 or E ^ 0 (the lines are not both vertical) 

(II) - 5 - § (i^* non-vertical, the lines are not parallel) , 

A very astute student may Inquire how these conditions affect 
the method for solving linear systems niaaich Is given In the text. 
He may wonder why, for example, we are always able to select 
proper multipliers a and b which yield equations of horizontal 
and vertical lines throtigh the point common to the given lines, if ,; 
there is exactly one point. An explanation, which is certainly 
not Intended for ordinary class .discussion, depends on the follow 

[pages 467-472] 
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Theo rem, The lines cf the system 

Ax + By + C = 0 

Dx + Ey + P = 0 

are parallel or coincident if and only if there 
exist real numbers a and b, not both zero, such 
that 

aA + bD ^ 0 and aB + bE = 0* 
Discussion ; A rewording of one part ^of this Theorem is: If 
thei lines are neither parallel nor coincliient, then there exist 
real number.'S a ard b, not both zero, such that 

aA 4- hv-^ 0 or aB + bE 0. 

(Notice that we have reworded part of the Baeorem in the form of a 
contrapositive . That is, if statement ^. implies statement B, 
then the negation of B implies the negation of A,) As we shall 
see, the fact that either aA + bD 0 or aB + bE 0 will 
guarantee the success of the method used in the text. 

Proof ; Let us prove first that if the lines are parallel or 
coincident, then there exist nimbers a and b, not both zero, 
such that aA + bD = 0 and aB + bE = 0. . There are three cases. 
Either the lines are vertical, or they are horizontal or neither 
of these. If they are vertical, then 

B = .0, E = 0, A 0, D / 0, 
and we may choose a = -D and b = A such that 

aA 4- bD = (-D)A + AD = 0 and aB + bE = a • 0 + b • 0 = 0. 
If they are horizontal, then 

A = 0, D = 0, E/^0 
and we may choose a - -E and b = B so that 

aA + bD = a.O + b*0 = 0 and aB + bE = -EB + BE = 0. 
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If the lines are neither vertical nor horizontal (and are parallel), 
then 

' ^ ^ - ^» 0, B 7^ Q, G ^ 0, D ^ 0, 

that is, 

A B 

13 " -E . 

A B 

In this case, we may choose a = -1 and b = p = giving 

aA + bD = -A + ^•D = 0 and aB + ,bE = -B + |*E = 0. 

Conversely, we prove that if there exist real n\mbers a and 
b, not both zero, such that aA + bD = 0 and aB + bE = 0, then 
the lines are parallel or coincident. There are two cases: either 
a 0 or a = 0. if a 0, we may write the conditions in the 
form 

A = and B = ~E. 
a a 

Since the equation Ax + By + C = 0 cannot have A = B = 0, it 
follows that b / 0. Hence, the equation Ax + By + C = 0. is 
equivalent to 

^Dx + |Ey + C « 0 , 

that is, to 

Dx + Ey +^ = 0. 

This is the equation of a line parallel to or coincident with the 
line whose equation is Dx + Ey + C = 0. If a = 0, then 
bD = 0 and bE = 0. Since b / 0, it follows that D = 0 and 
E = 0 and the lines are both vertical, hence, parallel or co- 
Incident. This completes the proof. 

The theorem just proved allows us to justify the method of 
the text. If the lines Ax + By + C = 0 and Dx + Ey + F = 0 
have exactly one point in common, we form the equation 

a(Ax + By.+ C) + b(Dx + Ey + P) = 0 

with a and b real nujnbers, at lest one of which is not 0. 
This new equation may be written 

(aA + bD)x + (aB + bE)y + (aC + bP) = 0. 
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Since the lines of the original system are neither parallel nor 
coincident, we know that aA + bD / 0 or aB + bE ^ and, hence, 
that this new equation is an equation of a line. Furthermore, if 
(c,d) is the solution of our original system, then Ac + Bd + C = 0 
and Dc 4- Ed + F = 0, so that 

a(Ac + Bd + C) + b(Dc + Ed + F) = a(o) + b(0) =-0; 

in other words, the new line passes through the intersection of the 
lines of the original system. 

All we have to do to get a horizontal line containing (c,d) 
is choose a and b so that at least one of them is not 0 and 
aA + bD = 0. If A and D are 0, the- lines of the original 
system are both horizontal and, hence, either have no points in 
common or all points in common, contrary to ovir original assxrap- 
tion that (c,d) is the only point common to the two lines of the 
system. Thus, at least one of A and D is not 0, and we 
simply choose a = D and b = -A. 

Similarly, the choice a = E and b -^B gives us a i»^ticai 
line on (c,d)v 

Yovr students will certainly not appreciate the argument we 
have Just given. They will be able to recognize this situations 
where the lines of the system are neither psrallel nor coincident 
and, so, will know whether or not the system ^haEB. a unique axxLut ion. 
However, they should always check their "solution" in both equa- 
tions of the system to see that their computations are correct. 

The method given in the text has a geometric flavor: lines, 
points common to lines, etc. A purely algebraic method is given 
in problem 2 of Problem Set 15-lb. 

Page 473 . Examples 1 and 2 illustrate both methods of obtaining 
the second simple sentence after we have the first one. The 
method of Example 1 is usually simpler, but sometimes the method 
of Example 2 is preferred where fractions are involved. 
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Help your students to see clearly that the sentence 
"x = 3 and y = 2" is equivalent to "4x - 5y = l6 and 
"2x + 5y = 16". 

The verification is not necessary 'logically to prove the 
sentences are equivalent. It is, however, desirable both to check 
■accuracy of arithmet:-o and to keep before us what we mean by "the 
truth set of the sentence". 



Answers to Problem Set 15-lb ; pages kJk-KjJ: 




The truth set is ((2,-4)). 

Verification: Left Right 

First Clause: 3.2 - 2(-4) -14 =6+8- 14 =0 0 

Second Clause: 2-2 + 3(-^) +8=4- 12 +8=0 0 
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(b) ((2,-3)3. (f) ((- M)) 

(c) ((5,-7)) (g) ((|/ - f)) 

(d) ((17,12)3 (h) ((f,^)) 

(e) ((f-,^)) (1) ((15,16)3 

2. At this point we are using the symbols c, d as specific 
numbers, namely the numbers which are assumed to "make both sentences 
of the system true. Thus, we are not thinking of c and d as the 

; usual variables, which represent unspecified numbers • The differ- 
ence between "3x - 2y - 5 = O" and "3c - 2d - 5 = O" Is that ■ 
the first Is an open sentence, whereas the second Is a statement 
about two specific numerals naming the same number • The equations 

" above simply constitute the arithmetic of finding common names of 
c and d. If they exist. 

(a) Assume that (c,d) Is a solution of the system 

^ ' X - ify - 15 = 0 

3x + 5y - 11 = 0 

[pages hjh-^hJd] 
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Then 

c - 4d - 15 = 0 
5c + 5d - 11 = 0 

3(c - 4d - 15) = 3"0 
-l(3c + 5d - 11) = -1.0 

3c - 12d -, 45 = 0 
-3c - 5d + 11 = 0 ' 

-17d - 34 = 0 
d = -2 

5(c - 4d - 15) = 5*0 
4(3c + 5d - 11) = 4.0 

5c - 20d - 75 = 0 . 
12c + 20d - 44 = 0 ^ 

17c - 119 = 0 
c = 7 

Check: 7 - 4(-2) -15=7+8-15=0 

3*7+ 5(-2) - 11 = 21 - 10 - 11 = 0 
Truth set: {(7,-2)3. 

(t) C(|, 1)3 

(c) C(^, |)3 

(d) Assmne (c^ci) Is a solution to the system 



{ 



then 



2x + 2y = 3 
3x + 3y = 4 

2c + 2d - 3 = 0 
3c + 3d - 4 = 0 



3(2c + 2d - 3) = 3*0 
2{3c + 3d - 4) = 2.0 
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p;v- 6c + 6d - 8 = 0 

l^ifV" 0 + 0-1 = 0. Since -1 ^ 0, this . 

^?pbnt radio t Ion tells us that our assumption that (c,d) is a sol-^ 
Jution is false . Therefore, there is :no solution. The student can^ 
^}further verify this conclusion by db^rving that these two lines . 
^;have the; same slope, but different -fTitercepts ; : they are parallel; • 
:':and do not intersect. 

J;: 3. . \ .(a) Suppose there were x tickets sold at. 25 ■ cents>:: ■ 

L ,;,. and y tickets sold, at 75 cents. 

Open sentence: x + y = 311 and 25x + 75y = 10875^ 
Truth set: [(249,62)3 Hence, there were 2^1-9 pupils 

X and 62 adifLt tickets sold. 

(b) If there are x girls, then Elsie has x - 1 
sisters. Hence, there must be x - 1 boys. 
Similarly if there are y boys, then Jimmie has 
y - 1 brothers and 2(y - l) sisters. 

Open sentence: x - 1 = y and 2(y - l) = x. 
Truth set: [(^,3)3. Hence, there are 4 girls 
and 3 boys in the family. 

(c) Suppose there were x three cent stamps purchased, 
and y four cent stamps. 

Open sentence: x 4- y = 352 and 3x + 4y = I267. 
Truth set: C(liH,21l)3. Hence, there were l^H 
three cent and 211 four cent stamps purchased. 

(d) Suppose there were x one dollar bills and y 
five dollar bills. 

Open sentence: x + y = 15^ and x + 5y = ^65. 
Truth set: ((76^r77^)}. He has not co\xnted 

correctly, since, the number of bills must be an 
integer . 
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The students should try to find the truth sets here by 
the method given on Pages 468-47i. They will be 
successful with Problem only. The method falls 

for Problems 4(b) and 4(c), 

(b) a(2x - y -5) + b(4x 2y - lO) = 0 

(a + 2b)(2x) ~ (a + 2b) y - (a + 2b)5 = 0 

(c) a(2x + y - 4) + b(2x + y - 2) = 0 
(a + b)2x + (a + b)y - 4a - 2b = 0 

Clearly, In both cases, any choice of a and b' 
which gives a zero coefficient for x does the 
same for y; and conversely. 

We ask the students to draw the graphs of the 
clauses of the systems so that they will make the 
following observations : 

(1) In Problem 4(b), there Is more than one point 
common to the graphs of the clauses 

2x y - 5 = 0 and 4x - 2y - 10 = Oj 

(2) The graphs of the clauses In Problem 4(c) 
have no points In common. 

We should perhaps emphasize once again that 
the method on Pages 468-474 of the text leads 
to the truth set of the system If and only If 
•the graphs of the clauses of the system have 
exactly one point In common. 
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Truth set: {(-4,1)} 
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Truth set: The whole line. 
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Truth set Is 

The lines are parallel. 
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5. If the line Ax +By+C=0 Is to contain the origin 
then C must be equal to zero. Since a(5x - 7y - ;?) + 
b(5x - 6y H- 5) = 0 represents any JLlne passing thru the 
intersection of the lines 5^ - 7y - 5 = 0^ and 
5x - 6y H~ 5 = 0, we must choose a and b, not both 0, 
so that -5a + 5b = 0. One obvious choice Is a = 5, 
and b = 5* Therefore, our compound sentence now .becomes 

5(5x - 7y - 5) + - 6y + 5) = 0. 

Therefore, 54x - 55y = 0 is an equation of the line 
passing through the origin and 'passing through the inter- 
section of the lines 5x - 7y - 3 = 0 and 5x - 6y H- 5 = 0. 

Page 477 > For the system 

' 2x - y - 5 = 0 
4x - 2y - 10 = 0, 

w 

we have 

a(2x - y - 5) + b(4x - 2y - lO) = (a + 2b) (2x) - (a + 2b)y - 
. (a + 2b)5, 

It Is then evident .that no choice of a and b will give a 0 
coefficient for one of x and y . and not the other. 
Pap:-3 478 . The students' answers to the questions concerning the 
slope and y-lntercept number of y = -2x + 4 and y = -2x + 2 
should su^'gest why the y-form of an equation of a line Is also 
called the slope -y- Intercept form . 

Page 478 . When the algebraic tectmlque we have developed Is 
applied to the system 

2x + y - 4 = 0 

2x + y - 2 = 0, 
we find that 

a(2x + y - 4) + b(2x + y - 2) = (a + b)(2x) + (a + b)y - 4a - 2b 
Clearly, any choice of a and b which gives a 0 coefficient for 
x also gives a 0 coefficient for yj and, conversely. 

[pages 477-478] 
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Pa^e 480 > The relation ''are proportional to'' for ordered sets of 
real niambers is a highly useful one. We have given the definition 
in the text for ordered pairs of real numbers. For ordered triples 
of niunbers, it would read: The real numbers A, B, and C are 
proportional to the real numbers D, E, and F if there is a non- 
zero real number k such that 

A = kD, B = kE, and C = kP. 

Thus, the lines of the system 

Ax + By + C = 0 

Dx + Ey + F = 0 

are coincident if and only if the numbers A, B, and C are pro- 
portional to D, E, and F. 

The statement that A, B, and C are proportional to D, 
E, and F is often abbreviated to 

• A ^ B ^ C 
D E F 

where it is agreed that when one of the denominators is 0, then 
so is the corresponding numerator. It is by no means intended that 
one interpret ^ as ''the quotient of 0 by O"; rather, ^ is 

written for the statement 0 = k*0 so that one can abbreviate such 
statements as "O, 1, and -7 are proportional to 0, -3* and 2l" 
to 

0 _ 1 _ -X 
0 -5 21 • 



Using this abbreviation, the lines of the system 

- By + C = 0 
Dx + Ey -h F = 0 



Ax + By + C = 0 coincident if and only if ^ = | = 'f 
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Answers to Problem Set 15-lc ; pages 480-484: 




Truth set: ((5,2)) 



Example 3. 
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Truth set Is 0i 
Lines are parallel. 
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Truth set: ((-1,4)} Truth set: ((7,2)) 



(c) The set of , all coordinates of points on the line, 

(d) ^)] 

(e) 

(f) l(f , 3)3 

3. The Idea here is that the values of y for each equa- 
tion must be the same when x Is the abscissa of the 
point common to the lines of the system 

2x - y - 7 = 0 
5x + 2y - 4 = 0 

This simple observation then allows one to solve an equa- 
tion In the one variable x, obtained by writing each 
equation In Its y-form and then "equating" these two 
expre s s Ions in x . 

Instead of writing both equations In their y-forms, 
we sometimes find It more convenient to write one In Its 
y-form and replace y by the resulting expression In x 
In the other equation. 
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Encourage your students to use whichever one of these methods 
seems more appropriate. 

(a) f 3x + y + 18 = 0 

|2x - 7y - 3^^ = 0 

From the first equation 

y = -3x - 18 

2x - 7(-3x - 18) - = 0 
2x H- 21x + 126 - = 0 
23x + 92 = 0 
X = -4 

l»nien X = -4, 

y = -3(-4) - 18 
y = -6 

The solution is (-^^,-6). 



y = jx + 2 



y = 

2 
3 



|x + 40 



X + 2 = - ■^x + 40 



4x + 12 = - 15x + 240 
19x = 228 
X = 12 
VJhen X = 12, 

y = |.12-+ 2 

7- . ' y = 10 
The so lut ion is (12,10). 
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f 5x + 
1 lOx + 



(c) f 5x + 2y - 4 = 0 
4y - 8 = 0 

Since ^ = ^ = 



The equationo represent the same line, and the truth set 
is the set of the coordlncites of all points on the line. 

(3,-5) 



(e) 



{ 



X + 7y = 11 
X - 3y = -4 
X = -7y + 11 
X = 3y - 4 
-7y + 11 = 3y - 4 
15 = lOy 



When y = ^, 



2' 

X - i 
X - 2 



The solution Is {—, |.) . 



(a) The graphs of the clauses Intersect In the point 
which corresponds to the given ordered pair. 

(b) The graphs coincide. The two clauses are equlva-* 
lent. There Is a non-zero real numb'er k such that 

Ax + By + C = k(Dx + Ey + P) . 

(c) A and B are proportional to D and E. The 
graphs are parallel. 
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We find the truth set to be ((J,!)] by any of the 
methods: 

(a) Choose a,b such that 

a(4x + 2y ^ ll) + b(5x - y - 2) = 0 

is equation of line through intersection and 
parallel to an axis, etc. 

(b) Assume (c,d) satisfies both equations and solve 
resulting equations for c,d by addition method, 

(c) Write both equations in y-form and equate values 
of y. 

(d) Use the substitution method, 

(e) DraiftT graphs of equations and estimate coordinates 
of point of intersection. 

(a) {(5,-^)). Any method, except y- forms, would be - 
equally effective.. 

(b) C(0,0)3, Addition method would be easiest. 

(c) Substitution method; or clear fractions 
and use addition method. 

(d) ((1, Addition method because the coefficients' 
of y are opposites. 

(e) {(6,1)3. Solve for x in first equation; substitute 
this value in second. 

(f) j2i. Simplify left members and notice that the co- 
efficients of X and y are proportional. 

(g) Any method except graphing. 

(h) {(5,7)3. Substitution method because the first 
equation can be easily "solved for y in terms of 

. x". 
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In the following problems try to bring out the possibility of 
using either two variables or one variable. Do some of the problems 
both ways. Look at the relative metits of the two ways. See how 
the equation in one variable develops from the two equations in tv;o 
variables. 

7. If the numbers are x and y, then 

fx + y = 56 

[x - y = 18 

Truth set: ((37,19)3 
The numbers are 37 and 19. 
OR If the larger number is x, the smaller number is 
56 - X, and 

X - (56 - x) = 18 . 
OR If the smaller number is y, the larger number is 
y + 18, and 

y + (y + 18) = 56 . 

8. If Sally is x years old and Joe is y years old, then 

[x + y = 30 




OR 



ly - X = 4 



Notice that we do not know which is the older, so the 
problem can be answered in two ways. "Notice also that 
the information "in five years" is irrelevant since the 
difference in their ages is the same now as it' is at any 
time . 

Truth set: ((17,13)] or ((13,17)3 

Sally is 17 years old and Joe is 13 or 

Joe is 17 years old and Sally is 13. 

This problem can be set up in four different ways using 

one variable.: 

ISally n years old jsally n years old 

\Joe 30-n years old 1^ (n+4) or (n-4) years old 

iJoe n years old . fjQe n .years old 

Sally 30-n years old \Sally (n44) or (n-4) years old 
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9. If he uses a pounds of alnionds and c pounds of cashews, 
then 

a + c = 200 
1.50a + 1.20c = 1.52(200) 

Truth set: ((80, 120)3 

He should use 80 pounds of almonds and 120 pounds of 
cashews . 

OR If he uses a pounds of almonds, then he uses 
(200 - a) pounds of cashews and , 

1.5ba + 1.20(200 - a) = 1.32(200) 

10. If the tens' digit Is t and the units' digit Is u, 
then 

u = 2t + 1 

(lot + u) + u = 5t + 55 

Truth set: ((5^7)3 
The number Is 57. 
OR If u Is the units' digit, then 
(2u + 1) Is the tens' digit, and 

10(2u + 1) + a = 3(2u + l) + 35 

11. We use the principle from Physics that a lever 



^"1 — • g ^ 

balances if cx = dy 

where c and d measure the distances from the fulcrum, 
or point of balance, and x and y measvire the weights 
of the objects on the lever. We can think of cx and ■ 
dy as measures of the forces which tend to turn the 
lever. 

Explain this informally to the students but do not 
make a major lesson in physics of it. 
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If Hugh Is h feet from the point of t)alance and Fr^J 
is f feet from the point of balance, then 

J ^f + h = 9 
1 lOOf = 80h 

The truth set: ((^,5)3 

Hugh is 5 feet, Fred Is 4 feet from the point of 
balance. 

12. If one boy weighs a pounds and the other boy weighs 
b pounds, then 

(a + b = 209 
5a = 6b 

Truth set: ((114,95)3 

One boy weighs 114 pounds, the other 95 pounds. 

13. If the speed of the current is c m.p.h. and the speed 
of the boat in still vrater is b m.p.h.., then 

|(b + c) = 12 

i 

6(b - c) = 12 
Truth set: ((5^3)3 

The speed of the current is 3 m.p.h. and the speed of 

the boat in still water is 5 m.p.h. 

This problem is not easily done with one variable. 

14. If apples cost a cents per pound, and bananas cost b 
cents per poiond, then 

'3a + 4b = 108 

< — 
4a H- 3b = 102 

Truth set: (( 12,18)3 

Apples are 12 cents per poiand and bananas are I8 
cents per pound. 
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If A walks at a miles per hour, and 
B walks at b miles per hour, then 
In 60 hours, A walks 60a miles and 



B walks 60b miles; 



in 5 hours, A walks 5a miles and 



B walks 5b miles. 



60a = 60b + 30 



< 



5a + 5t> = 30 
The truth set: [{^, ^)) 



A walks at 5^ miles per hour. 



B walks at 2^ miles per hour. 



If there are x quarts of the 90^ solution and y 
quarts of the 75^ solution, then there are .90x 
quarts of alcohol in the 90^ solution and .75y quarts 
of alcohol in the 75^ solution. Furthermore, there are 
.78(20) quarts of alcohol in the mixed solution. 



He should use 4 quarts of the 90^ solution. 

If the average speed of car A is a miles per hour 
and the average speed of car B is b miles per hour, 
then 



•90x + .75y = .78(20) 

^ X + y - 20 

Tmath set: ((^,l6)3 



m. 



200 



a 




Truth set 



a 



T 5 
((60,50)} 



A^s average speed was 
B*s average speed was 



60 m.p.h. and 
50 m.p.h. 
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Page 485 , The system of Inequalities denoted by 
X + 2y - 4 > 0 
2x - y - 5 > 0 
Is a shorthand for the compound open sentence 

X + 2y - 4 > 0 and 2x - y - 5 > 0. 

The graph of this system Is, of co\irse, the graph of the compound 
open sentence. 

Page 485 , In drawing the graph of an Inequality 

Az + By -1- C > 0, (B 0) 
write the Inequality In the form 

(1) y > - |c - § (I-l > 0), 

(2) y < - Ax - I (B < 0), 

whichever Is appropriate. On the line 

(5) Ax + By + C = 0, 

y = - ^ - ^. Thus, for a given value of x, (x,y) satisfies 

equation (l) if the point (x,y) is above the line, since the 
ordinate of this point if5 greater than 

- ^. On the other hand, for a given value of x, (x,y) sat- 
isfies equation (2) if the point (x,y) is below the line. In 
general, the graph of (l) is the set of points above the line 
(3); the graph of (2) is the set of points below the line (3). 
Page 486> The graph of the system 

3x - 2y - 5 = 0 r 
X > 3y - 9 < 0 

is the portion of the line 3x - 2y - 5 = 0 which is below or 
on the line x + 3y - 9 = 0. 
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Answers to Problem Set 15--2a ; page 48/ : 

The truth set of each open sentence in Problems 1, 2, 5, 6, ' 
consists of all points in the doubly shaded regions of the graph, 
together with all points of the solid line boundaries of these 
regions. In Problems 3 and ^1-, the truth set is the portion of 
the solid line inside the shaded region. 



I. 





The empty set, ^ 
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Answers to Problem Set 15-2b ; page 1^88: 

The graphs of all the open sentences in Problems 1-3 of this 
set of problems consists of all points in all the shaded areas to- 
gether with all points of the solid line boundaries of these regions 
In Problem the graph is the doubly shaded region. 
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Page H88 . The graph of 

(x - y - 2)(x + y - 2) < 0 
Is the graph of 

X - y - 2 < 0 and x + y - 2 > 0 

or 

X - y - 2 > 0 and x + y - 2 < 0. 

The graph consists of the two regions which are singly shaded, 
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Ansv/ers to Problem Set 12-2cj pages 489-490; 

The graphs of the truth sets here consist of all points In 
the unshaded and the doubly shaded regions of the figures. 



1(a) 1(b) 





[page 489] 



The null 'set, 0. 



531 



2(0) 



) ^ 

.7*- 










.2 




■ 1 

— 1 — 1 — 1 — t L^l-'^'l — 


-H Hr- 










Truth set : {(0 , - 



2(b) 




j[\ Truth set : 
-v\ All points on both lines. 



2(C) 




2(d) 




rhe truth set is doubly shaded region. 



2(e) 




The truth set is doubly shaded region 
2 (f) 



The truth set is set of points on solid 
line within shaded region 




o I * 

The truth set is whole shoded region. 
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2(g) . 2(h) 




Truth set is whole shaded area \ 
and both lines Truth set is the doubly shaded 

and the unshaded region, 



2(1) - 




Truth set is the doubly shaded 
and the unshaded regions 
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If r Is the number of running plays and p is the 
number of pass plays, then 3r Is the number of yards 
made on r running plays and 20 (j) p Is the niunber 

of yards made on p passing plays. Since, the team Is 
60 yards from the 'goal line, 

3r + ^p ^ 60 * 
If they are to score, 

30r seconds are reqiilred for r running plays, and 15p 
seconds are required for p passing plays; therefore, 

30r + 15P.1 5(60) 

These two Inequalities give the equivalent system 

{20p + 93:* > 180 (p and r are non-negative 
p + 2r 20 Integers.) 

The graph of this system Is 
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It is evident there are 48 different combinations of r 
md p which will assure success, for example, 2 running and 
10 passing, etc. However, there are some combinations which, leave 
i smaller time remaining, thus giving the opponents less time to 
try to score. These are the points of the graph nearest the line 
D + 2r = 20. 
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Answers to Review Problems ; pages 490-492: 

1. (a) As an equation In one variable, the truth set of 
"2x - 5 = 0" Is {(§)) and Its graph Is: 



-2-10 1 2 

(b) As an equation In two variables. Its truth set Is 
the set of all ordered pairs of real numbers with 



first number 



Its graph Is 



2" 
|- 

1 


f 

o 

It 

fO 
1 

K 
04 

»— 




- 1 

-1- 


1 





2. (a) As a sentence In one variable, the truth set of 
" |y| < 5" Is the set of all y such that 
-5 < y < 5^ and Its graph Is: 



-4- 



4i 



-3 -2 -I 



4i 



I 



-f- 



EKLC 



(b) As a sentence in two variables. Its truth set Is the 
set of all ordered pairs of real numbers with second 
number between -3 and 3- The graph Is the shaded 
portion of: y 

:^/7 
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(a) The sentences are not equivalent, because the truth 
set of "x - 2 = 0 and x - 1 = O" is ^ (x can- 
not be both 2 and 1.) 

(b) They are equivalent. The operation of multiplying 
by x^ + 1 leads to an equivalent sentence. 

(c) Not equivalent. The graph of x y > 0 contains all 
points in the first and third quadrants, whereas the 
graph of "x > 0 or y > O" contains all points in 
quadrants I, II, and IV. 

(d) Not equivalent. The truth set of (y - l) = 2(x-l) 
includes the element (1,1), whereas the truth set 

of = 2 does not include (l,l). 

X— JL 

(e) They are equivalent. Both have the truth set 
((6,-3)). 

The line a(3x _ 5y _ 1+) + b(2x + 3y + ^) = 0 contains 
the point of Intersection for any niombers a and b, 
riot both 0. Let a = -2 and b = 3. Then 

-2(3x - 5y - + 3(2x + 3y + ^) = 0 
19y + 20 = 0 

Is the equation of the required horizontal line. Let 
a = 3 and b = 5. Then, 

3(3x - 5y - ^0 + 5(2x + 3y + ^) = o 
19x + 8 = 0 

is the equation of the required vertical line. 

(a) ((5,3)) (d) ^ 

(b) ((-2,-1)) (e) ((6,-5)) 

(c) Set of all solu- (f) ((24,9)) 
tions of either 

equation. 
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6. (a) The lines Ax + By + C = 0 and Dx + Ey + P = 0 

are parallel if and only if either B = E = 0, 

D ^ P D 5 ^ P* 

(b) If 5 = § = § the equations represent the same 
non-vertical line. 

(c) Two lines have exactly one common point if and only 
if both have slopes and their slopes are different, 
or if one has a slope and the other does not. 

7. (a) (b) 





(c) 



H — h 



7^ 



\ 



(d) 



■7" 



y 2 X 
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(e) 




"iy + 3x| > 2" Is equivalent. to "y + 3x > 2 or 
-(y + 3x) > 2". 
8. (a) f-y = X + 1 _ 

1 X + y = 57, X and y Integers. 
Truth set: [(28,29)) 



(b) 



(c) 



X 4- y = l6 

2x = y - 3, X and y integers. 
Truth set: j2S 



X + y = 45 

y = 4x + 5 Truth set: [(8,37)) 

(d)| X + y = 20 

4.8x + 6.0y = 110. Truth set .((Sj, ll|)) 
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Suggested Test Items 

1. Draw the graphs of the truth sets of the following, 
sentences: 

(a) X = 2 and 2x - 5y + 5 = 0 

(b) y-.5=:0 or x+y = l 

(c) (2x - l)(x + y) = 0 

2. • ConL'ider the system of equations';,- 
5x + y - 5 = 0 
2x - 5y = 0. 

(a) Estimate the truth set of this system by drawing 
graphs of the two equations, 

(b) Select a value of a and a value of b^ such that 
a(3x + y - 5) + b(2x - Jy 4) = 0 

is the equation of a horizontal line containing the 
point of intersection of the two given lines, 

(c) Write each of the given equations in y-form and 
solve the equation obtained by equating these two 
resulting expressions in x. 

(d) Explain the relationship between the results of 
parts (a), (b) and (c). 

Solve the following systems by any methods. In each case 
explain why you chose a particular method. 

(a) [ y = - 2x + 1 
y = 3x - 4 

(b) f y = -2x + 1 
< 

3x + 2y'=- 4 

(c) I X. - 2y + 3 = 0 
< 

4x i 3y + 6 = 0 
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•X - y + 3 = 0 




(d) 



(e) 



(f) 



V/lthout solving, determine which of the following systems 
have exactly one solution, which have many solutions, 
which have no solution. 

(a) r 5x = 4y - 2 
8y + 6x + 2 = 0 

(b) ix + 5 = 2y 

X - 2y = 2 

(c) [ l-i + 2|y = X 

5 = X + 2.5y 

(d) f |x - iy - 1 = 0 

|x - |y + 2 = 0 . , ■ 

(e) f .5y = - .^x 
< 

8x + lOy = 8 

(f ) f |x + iy = 1 

. 12x + y = 2 



In problems 5-10, translate Into open sentences and solve. 

Two numbers are such that their difference Is 3 and 
their average Is 6, What are the numbers? 



6. 
7. 

8. 

9. 

10. 
11 • 



•Can two Integers be found whose difference is 13 and 
the sum of whose successors Is 28? 

The digits of an integer between 0 and 100 have the 
sum 12, and the tens digit is 5 more than twice the 
units digit. What is the, integer? 

If the digits of an integer between, 0 and 100 are 
reversed, the resulting integer is ^1-5 greater than 
the given integer. What is the integer if the sum of 
its digits is 11? 

A man made tv/o investments, the first at and the 
second at S^ji^ He received a yearly income from them of 
ijKOO. If the total investment was $^8,000, how much 
did he invest at each rate? 

How many pounds each of 95-cent and 90-cent coffee 
must be mixed to obtain a mixture of 90 pounds to be 
sold for 92 cents per pomd? 

With respect to separate sets of axes draw the graphs of 




(e) (x + y - l)(2x - y) > 0. 



(d) y < X + 1 



2x - y < 0 



or 



(c) 



2x + 5 > 0 



or 



y - 5- < 0 
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Chapter l6 
QUADRATIC POLYNOMIALS 



This chapter continues the work on graphs which jvas started in 
Chapter l4. After graphing some general quadratic polynomials of - 
the form Ax^'..H:..Bx: + C by drawing curves through selected points, 

we examine the parabola which is the graph, of the simple polynomial 

P 2 
X . We note the changes in the graph as x is multiplied by a, 

as soma number h is added to x, and as some number k Is added 
to x^. We then generalize about the graph of a(x-h)^ + k where 
a, h, and k are real numbers and a ^ 0. This leads us to use 
the method of completing the square to change any quadratic poly- 
nomial Into the standard form a(x-h)^ + k. We finally use the 
method of completing the square to solve quadratic equations. 
16-1 ^ Gr aphs of Quadratic Polynomials 

Page ^93 . -2(x -I- 1)^ + 3 is a quadratic polynomial, since it is 
equal to -2x^ - Hx h- 1 for all values of x. 
Example 1 . 

y = x^ - 2x - 3 



X 


-2 


3 

~ 2 


-1 


2 
" 3 


0 


1 
2 


1 


4 
3 


2 


5 
2 


3 


4 


y 


5 


1 


0 


11 
" 9 


-3 


15 
- T" 


-4 


35 
9 


-3 


7 


0 


5 



Ans wers to Problem Set l6-la ; page 494: 



1. X 


-2 


-1 


1 

~ 2 


0 


1 
2 


I 


2 


y 


a 


2 


1 
2 


0 


1 
2 
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8 
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— ' i~ 
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Page 495. 



X 


-3 


-2 


3 
" 2 


-1 


-1 

" 2 


-0.1 


0 


3 


1 


— JJ— 

3 


2 


3 


2 

X 


9 




9 


1 


1 
IT 


.01 


0 


1 
■ 9 


1 


16 
9 


4 


9 




13 


8 


9 
2 


2 


1 
2 


.02 


0 


2 
9 


2 


32 
9 


8 


18 


2^ 


9 
2 


2 


9 


1 
2 


1 
H 


.005 


0 


1 
TB 


1 
2 


3 


2 


9 
2 


2^ 


9 


-2 


9 


1 
~ 2 


1 


-.005 


0 


1 

"TH 


1 
~ 2 


8 
~9 


-2 


9 
~ 2 



Ansvjers to Problem Set ' l6-lb j page 496; 

1. The graph of can be obtained by multiplying each ordl- 

2 

nate of x by 2. 

2. The graph of "^^^ can be obtained by rotating the graph of 
ix one-half revolution about the x-axls. 



X 


-1 


-.8 


- . O 


-.5 


-.4 


-.2 


-■.1 


y 


5 


3.2 


1,8 


1.25 


.8 


,2 


.05 



X 


0 


.1 


.2 


.4 


.5 


.6 


.8 


1 


y 


0 


.05 


.2 


.8 


1.25 


1.8 


3.2 


5 
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X 
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-2 


-1 


0 
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y 
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3.2 
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.2 


.8 


1.8 
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5« 'The graph of -5x can be obtained by rotating the graph of 
2 

5x one-half revolution about the x-axls* 

2 

6. The graph of -ax can be obtained by rotating the graph of 
2 

ax one-hal" revolution about the x-axls. 

Page 497. 

y = I (x ' 3)2 



X 


0 


1 

TV 


1 


3 
2 


2 


2.5 


3 


13 


4 


5 


y 


9 


-1 


2 


9 
H 


— * — 

X 


.125 


0 


1 


1 

2 


2 



V/e can obtain the graph of y = -(x + 3) by moving the 
2 

graph of y = -X three units to the left. 

[pages 496-498] 
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Answers to Problem Set l6-lc ; page 498: 

2 



1. 



y = 2(x + 2) 





-4 


-3 


5 
" 2 


-2 


3 
" 2 


-1 


0 


y 


3 


2 


1 
2 


0 


1 
2 


2 


8 



You can obtain the graph of 

y = 2(x + 2) by moving the 
2 



graph of y .= 2x 
to the left. 



tv/o units 




(a) You can obtain the graph of y = 3(x + 4) by moving 
(b) 



the graph, of y = 3x'~ four units to the left, 

2 

You can obtain the graph of y = -2(x.- 3) by moving 

2 



the graph of y = -2x three units to the right. 

(c) You can obtain the graph of y ^--g-Cx + l)^ by moving 

1 2 

the graph of y = --^x one unit to the left. 

(d) You can obtain the graph of y = -^(x + •^)^ by moving 

1 2 

the graph of y = ^rX one-half unit to the left. 

o 

3. Tlie graph of y = a(x - h) v/here a and h are real 'num- 

bers and a ^ 0 can be obtained by moving the graph of 
2 

y = ax |h| units to the right if h is positive and |h| 
units to the left if h Is negative. 
Page 499. 



y = |-(x 



3)^ + 2 



X 


0 


1 

3 


1 


3 
2 


2 


2.5 


3 


13 


4 


5 


y 


13 
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50 
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4 


25 


5 
2 


2.125 
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65 

32 


5 
2 


4 
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Page 500 * The vertex of the parabola whose equation Is 
yVl(x - 3)^ + 2 Is the point (3,2). Note that this Is the 
point that bhe origin (0,0) goes to when all points of the plane 
are moved 3 units to the right and 2 units upvrard. The orlgln^. 
Is the vertex of any parabola of the form ax . .^^ 
The axis of the parabola Is the line whose equation Is x = 3. 

Answers to Problem Set l6-ld ; page 501: 

1. The graph of x^ - 3 can 



be obtained by sliding the 
2 

graph of X dovm 3 units. 
2 

The graph of x + 3 can be 

obtained by sliding the graph 
2 



of 



up 3 units. 
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2. The graph of 2(x - 2) +3 

can be obtained by sliding 
2 

the graph of 2x to the 
right t^^ro imlts and up three 
units. 
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TJie graph of y = (x + l) - 

can be obtained by sliding 
2 

the graph of x to the left 
one unit and dovm one-half 
unit. Its vertex is (-1,-|)- 
The equation of Its axis Is 
X = 

1 2 

The graph of y = -2(x + -g) +3 

can be obtained by sliding the 
2 

graph of -2x to the left 
one -half unit and up three 
units. 



(a) y = (x + 5)^ - 2. 

(b) y = -(x ^- 2)^ + 3. 

(c) y = |(x - ^ 1. 

(d) y = |x2. 

2 

(a) The graph of y « 3x Is 
and four unxts dovmv/ard. 

2 

(b) Tne graph of y = -x Is 
and one unit upv/ard. 
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moved two units to the right 
moved three units to the left 
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(c) The graph of y = Is moved two units to the right 

and tv70 units dov/nv/ard. 

(q) The graph of y = -2x Is moved one unit to the left 
and tv/o units upard. 



16-2. Standard Forms 

V/e discuss In detail and provide practice In changing quad- 
ratlc polynomial 13 to the standard form a(x - h) + k for two 
reasons. First, we have already shown how quickly the graph may be 
sketched from this form. Second, v;e shall shov; Its application to 
the solving of quadratic equations. 

Answers to Problem Set l6^2 ; pages 503-50'' 

1. (a) x^ - 2x - (x^ - 2x + 1) ^1 

= (x - 1)2 ^ 1 

(b) + X + 1 = (x^ + X + ^) + 1 - 

(c) x^ -i- 6x = (x^ + 6x + 9) - 9 . 

= (x + 3)2 ^ 9 

(d) x^ ^ 3x - 2 = (x^ - 3x + |) - 2 - I 

(e) x^ ^ 3x + 2 = (x^ - 3x + ^) + 2 - "I 

/ 3n2 1 
= (x - g) - -j^ 

(f ) _ lox - 5 = 5(x2 - 2x + 1) - 5 - 5(1) 

= 5(x - 1)2 - 10 



= (x - 1)2 - 17 
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(g) + 4 (or: if(x - O)^ 3 

(h) + kx = (x^ + kx + |-) - 

= (x + 2) - TP 

(i) +y2x - 1 = (x^ +y2"x + f) - 1 - 1 

(J) |x^ ■ 3x + 2 = ^(x^ - 6x + 9) + 2 - I 

2. (a) - X + 2 = (x^ - X + |) + 2 - I 

= (X - |)= + I 

(b) x^ + 3x + 1 = (x^ + 3x -1- |) + 1 - "I 

= (x+|)^-| 

(c) 3x^ - 2x = 3(x^ - |x + i) - i 

= 3(x - -3) - -3 

(d) (x + 5)(x - 5) = - 25 (or: (x - O)^ - 25) 

(e) 6x^ - X - 15 = 6(x^ - |x + ^) - 15 - -p- 



= 6(x - ^f- 15^ 



(f) (x + 1 -y2)(x + 1 +-/2) = (x + 1)^-2 
3. (a) ISie graph of - x + 2 Is a parabola v;lth vertex 

, ^) and axis x = i. It Is obtained by moving the 

*" ? 1 ' 3 

graph of y = X to the right unit and upward 1-jf 



units. 
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(b) 



(c) 



(e) 



(f) 



The graph of x 

and axis 



+ 3x + 1 Is a parabola with vertex 
3 



X = - ■ 



the graph of 
1^ units. 



P 1 
y = X to the left Itt units and doivnward 



It Is obtained by moving 

1 
2 



The graph of 3x - 2x Is a parabola with vertex 
11 1 

(•J , and axis x = It Is obtained by moving the 

P 1 
graph of y = 3x to the right unit and downward 

i unit. 

(d) The graph of (x + 5) (x - 5) Is a parabola with vertex 

(O, -25) and axis x = 0, It Is obtained by moving the 
2 



graph of 

The graph of 6x 



y = x'" doi-mward 25 units 
2 



15 Is a Darabola w.i.th vertex 



(3^, -15^) and axis 

p 1 
the graph of y = 6x to the right unit and downward 



X = -j^. It Is obtained by moving 



15^7]: units. 

The graph of (x + 1 - v^) (x -f 1 +v^) is a parabola 

with vertex (-1, -2) and axis x = -1. It is obtained 

2 

by moving the graph of y = x to the left one unit and 



downv/ard 



two units. 
2 



X + 6x + 5 = (x + 6x + 9) +5-9 
= (x + 3)^ 4 

The graph crosses the 

X-axis in two poln1-s. Tliese 

are (-1,0) and (-5, 0). 

















y 


































_ _ t1 _ 
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-2 






























































y 








0 
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+ 6x + 9 - (x + 3)^ 

The graph does not cross 
the x-axls. It touches It 
at one point: (-3, O) . 



x^ + 6x + 13 = (x^ + 6x + 9) + 13 - 9 
= (x + 3)^ + 4 

The graph does not 
cross, nor touch, the x-axis. 
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If y = 0 in Problem h, then 
+ 6x + 5 = 0 



(x + 5)(x + 1) =0 
x + 5 = 0prx + l = 0 \ 

X = -5> or X = -1 
are all equivalent. Hence the truth set of the equation 

Is [-5> -!}• 

If y = 0 in Problem 5, then 

,x^ + 6x + 9 = 0 
. "{x + 3)(x + 3) = 0 
x+3=0 or x+3=0 

X = -3 or X = -3 
?,re all equivalent. Hence the t:ruth set of the equation 



tion are the same as the abscissas of the points where the 
parabola crosses the x-axis. 

The points in which a parabola crosses the x-axis will 
be those points whose abscissas are members of the truth set 
of the equation of the parabola, and whose ordlnates are 0. 



is [-3}. 



In each case, the members of the truth set of the equa-- 



Polynomial 
X + 6x + 5 
X + 6x + 9 
x^ + 6x + 13 



Standard form 



Problem 4, 



Problem 6, 



Problem 5o 



(x +3)^-4 
(x +3)^-0 
(x -3)^+4 
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The polynomial In Problem h can be factored as the 
difference of two squa3?es, as follows: 

+ 6x + 5 = (x + 3)^ - 4 

= (x + 3)2 - (2)2 

= (x + 3 + 2)(x + 3 - 2) . 

= (x + 5)(x + 1) 



l6-3. Q.\;^adratlc Equations 

0 
0 

1 = 0 
X = 1 

are all equivalent. Hence the truth set of the equation 
Is [~, 1}, 

Page 566. For every real number x, x-1 Is also real. Hence 
(x - 1) Is greater than or equal to 0, since the square of 
real number cannot be negative. 

Answers to Problem Set l6-3 ; pages 507-509: 
1. - (a) (3x - 5) (2x + 3) 

(b) Cannot be factored over the real niombers. 

(c) (x^ + 8x + 16) - 16 + 3 = (x + 4)2 - 13 

= (x + 4 +yr3)(x + 4 -yis) 
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Page 505. 2x ~ 3x + 1 = 
(2x - l)(x - 1) = 
2x-l=0 or X- 
X = 4 or 
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(d) Cannot be factored over the real numbers. 

(e) (x +/3)(x 

(f) (3x - 2)(3x - 2) 

(g) (y2(x - 1) +y5)(^/2■(x - 1) -^5) 

= ( ^2 X - 72" +75) ( /2 X -72 - Ts") 

(h) x(3 - 2x) ' • 
2. (a) x^ + 6x + 4 = 0 

(x^ + 6x + 9) + ^ - 9 = 0 
(x + 3)^ - 5 = 0 
(x + 3+y5)(x + 3->/5)=0 

X + 3 + -/S" =0 or X + 3 - =0 
X = -3 -v^ or X = -3 +-/5" 

are all equivalent. Hence the truth set of the equation 
is (-3 - >/5", -3 +^/^. 







2x2 . 


• 5x = 


12 




2x2 


- 5x - 


• 12 = 


0 


2(x^ - 


■^x + ^) 
2^ ^ 15^ 

2(x - 


- 12 - 
5n2 


50 

242 
IF =^ 


0 
0 




(x - 


5n2 
Tf) - 


121 

TF = 


0 






or X 


5 

- If - 


11 

T 




3 

X 


or X 


= 4 . 





are all equivalent. Hence the truth set of the equation 
is [-.|., 4). Note that, in this problem v/e could write 
2x^ - 5x - 12 = (2x + 3)(x- 4) and obtain the truth 
set from this factored form. 

[page 507] .- 
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X + 4x + 6 = 0 
(x^ + 4x + + 6 - 4 = 0 
(x + 2)^ + 2 = 0 

o .... 

are all equivalent. However (x + 2) + 2 annot be 
factored over the real numbers, and the truth set of 
the equation Is ^. 

= 2x + 4 
x^ - 2x - 4 = 0 
(x^ - 2x + 1) - 4 - 1 = 0 
(x .1)2 - 5 = 0 
(x - 1 4y5)(x - 1 -V5)= 0 
X - 1 +>/5'= 0 or X - 1 --/s = 0 
X = 1 -^/T or X = 1 +y5~ 

are all equivalent. Hence the truth set of the equation 
Is (1 - 1 +>/5}. 

= ikx - 11 

2 

2x - 4x + 11 = 0 

2(x^ -2x+l)+ll-2=0 

2(x - 1)2 + 9 = 0 

are all equivalent. However, 2(x - l) + 9 cannot be 
factored over the real numbers. Hence the truth set of 
the equation is 



2.93 
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2 

12x^ 


- 8x' 




15 


2 

12x 


- 8x 


- 15 




0 


12 (x- - -fx + ^) 


- 15 


~ ,9 




0 


12(x - 




147 
■ 9 




0 


4(x - 


•r 


49 
9 




0 


(2(x - i) + |)(2(x 




-J' 




0 


2x + '1 = 0 


or 


2x - 


9 
3 





X =-| or x =1 

are all equivalent. Hence the truth set of the equation 
is (--I* |)- (Note that 12x^ - 8x - 15 can be factored 
as a polynomial over the integers.) 
-3x^ + 6x - 5 = -3(x^ - 2x) - 5 

= -3(x^ - 2x + 1) - 5 - (-3) 

= -3(x -1)^-2 

Prom the equation in standard f orm vje can see that the 

vertex of the parabola is the point (1, -2). 

2 

Since the coefficient of (x - l) is negative, the 

parabola opens downv/ard, and -2 is the largest value the 
p 

polynomial -3x + ox - 5 can have., 
x^ - 3x + 21 - (x^ - 8x) +21 

= (x^ - 8x + 16) + 21 - 16 

= (x - 4)^ + 5 

The vertex of the parabola ivhlch is the graph of the 
polynomial is the point (4, 5). Since this parabola opens 
upiftrard, the least value of the polynomial is 5. 
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It may have many values greater than 5. 
Its values are Integral for Integral values of x, 
but not for all real values of x. 

2x^ - hx - 1 = 0 

2(x - 1)^ - 3- =-0 ■ 

(y2(x - 1) +y3)(y2(x - 1) -^3) 0 . 
Vi" X - y2 +y3" = 0 or. -/i" X -^2* - y3~= o 

X or X 

are all equivalent. Hence the truth set of 'the equation Is 

In Chapter 11 v/e learned to rationalize the denom- 
inator; hence we see that the truth set can also be v/rltten 

[1 1 +4"}. 



If the number of feet In the width Is . x and the number 
of feet In the pelvimeter Is 94 then the number of feet In 
the length Is 47 - x. The number of square feet In the area 
Is x(47 " x). 





x(47 - x) 




496 




x^ - 47x + 496 




0 


- 47x + 


2209) +496-2209 




0 




:(x-|l)2. 225 




0 








0 




(x - 16) (x - 31) 




0 




/ X - 16 = 0 or 


X 


- 31 = 0 




,x = 16 or , 


X 


= 31 
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are all equivalent. Hence the truth set of the equation is 
is (16, 31). \\rnen x = I6, 47 - x 31, The v;idth Is 
16 ft., and the length is 31 ft. 

As you see x - 47x + 496 is factorable over the 
Incegers so it v;ould not have been necessary to use the 
xuethod of conipl"5tlng the square in this case. ' 

The student might try to do this problem using two 
variables: 

If the rectangle is x feet v;ide and y feet 
long, then 

2x + 2y = 9^ 
xy = 496 
= 47 
= 496 
= 47 - X 
= 496 
= 47 - X 
= 496 

Although this involves a quadratic equation in t\vo variables, 
the student may see that the "substitution" method reduces 
it to an equation in one variable. 

If the sheet of metal is x inches wide, it is x + 0 




inches long. 

Tne box is 
X - 4 inches 
v/ide , 

X -r 8 - 4 inches 
long, and 2 inches 
deep. 
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- 4)(x + 4) 


= 256 


and 


X 


> 


0 


2(x^ - 16) 


= 256 


and 


X 


> 


0 


x^ - 16 


= 128 


and 


X 


> 


0 


x^ - l^^^^ 


= 'j 


and 


X 


> 


0 


12) (x - 12) 


= 0 


and 


X 


> 


0 



X + 12 = 0 or X - 12 => 0, and x > 0 

X = -12 or X = 12, and x > 0 

are all equivalent. Hence the truth set of the sentence 
Is (12). 

TJie sheet of metal Is 12 Inches wide and 20 Inches long. 



8. 

(a) 










y 


1 














n 
















01 
















1 
































1 4. 


































\ 






























y= 


4 










































i 














-2 


















-1 
















6 








X 












1 

1 1 





The graph Is the two 
points (1,4) and (3,4) 
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(c) 





(d) We recall here that y=x -6lx|+5 implies: 



X - 6x + 5, X ^ 0 
"x^ + 6x + 5> X < 0, 



If one leg is y feet long, the other leg is y - 1 feet 
long, and the hypotenuse is y + 8 feet long. 



y2 + (y _ 1)2 = (y + 3)^ and y > 0 



Truth set : [21] . 

The lengths of the sides of the triangle are 20 feet, 21 
feet, and 28 feet. 

If the window is h feet above the ground, 
the rope is h + 8 feet long, 
h^ + 23^ = (h + B)^ and h > 0. 
Truth set: [45). 
The window is 45 feet above 
the ground. 298 
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11. If a leg of the triangle is x feet long. 

2 2 2 
X + X =3 and x > 0 

Truth set: [^-^] 

3 a/p" 

Each leg is ^ units long. 

12. If the diagonal is d Inches long, a side Is d - 2 Inches 
long . 

(d - 2)^ + (d - 2)^ = d^ and d > 0 
Truth set: (4 + 2-/^). 
The diagonal is 4 + 2^2" inches long. 

13. If the sheet is t feet long, the width is t-3 feet. 

t(t - 3) - 46^ and t > 0 
Truth set: (^) 
Tne sheet is 8^ feet long. 

14. If n is one of the numbers, 9 - n . is the other number. 

- (9 - n)^ =: 25 
Truth set: (■§■} 

S3 23 
Tiie numbers are ^ and -g-. 

. 15. If n is the number 

• l4n -b n^ = 11 

Truth set: [-7 + 2 ^/T5, -7 - 2^15) 

Tne number is (-7 + 2^/T5) or (-7 - 2 a/Ts) . 
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16. If his average speed going was g miles per hour, then his 
average speed returning was g ~ 6 miles per hour. 

336 336 ^ ^ „. n 

Truth set: (43} 

The average speed was 43 miles per hour going and 42 
miles per hour returning. 

17. If X is the number, 

X + i = 4 and x ^ 0. 

I z — - - ( -> t r « 

Truth set: [2 +'>/T, 2 --/J} ■ 

The niomber is either 2 or 2 -^/T 



Ansv/ers to Reviev; Problems ; pages 509-510: 



1. (a) X 


-2 


3 
"2 


-1 


HjCU 


0 


1 

2 


1 


3 
2 


2 


y 


12 


27 
1" 


3 


3 


0 


3 


3 


27 

T 


12 





























y 




























































































































"/ K 
/ lO 




— 










































































F 


















0 


1 2 




X 










1 — r ~r- 
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(d) 3x(x - 3) = 2yr - 9x 

= 3(x^ - 3x + |) 



27 




(e) The graph of (d) can be obtained by moving the graph 



of (a) I units to the right and units down, 
y = + 3 



2. (a) 

(c) y = (x + 2)' 

(d) y = (x - D' 
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(a: 

(°: 
(e; 

(g: 
(h: 
(i: 

(a; 

(i: 

(11) 



(111) 



y = X or y = -X 



Line 

Parabola 

Pair of lines: 

Line 

Line 

Parabola 
Parabola 
Line 
Point 



Ihe graph crosses the y-axls at a point where x = 0. 

When X = 0, x^ + 2x - 8 = -8. 

The graph crosses the y-axls at -8. 

The graph crosses the x-axls at points where 
x^ + 2x - 8 = 0 

(x - 2)(x + 4) = 0 

x-2 = 0 or x + 4 = 0 

X = 2 or X = -4 

The graph crosses the x-axls at 2 and at -4. 

The largest or smallest value of the polynomial Is the 
the ordinate of the vertex of the parabola. 

x^ + 2x - 8 

(x^ + 2x + 1) - 1 - 8 

(x ^1)^-9 

The vertex Is at (1, -9) and the parabola opens 
upward . 

The smallest value Is -9. 



EKLC 



[page 510] 

303 



569 



(b) 

(c) 

(d) 

(e) 

(f) 
(a) 

(b) 

(c) 



(l) 3; (ll) Does not cross the x-axls; (ill) Small- 
est value at 2. 

(i) 4; (11) 2 and -2; (ill) Largest value at 4. 

(l) h; (11) 'I- J No largest or smallest value. The 
graph Is a line. 

(1) 12; (11) l^ 

(1) 0; (11) Oj 

(7, 



and -3 J (til) Largest value at -^p. 
(ill) Smallest value at 0. 



(1 1 -72) 

I3 , 2^ 



(d) 
(e) 



l2 4->/T, 2 -^3} 



(f) The set of all real numbers. 



If one of the numbers Is n, 
the other Is 9 - n, and 
their product is n(9 - n). 

2 



n(9 - n) = 9n - n" 
■ = -(n2 

= -(n - 



31. 



9n + ^) + TP 



81 
T 



The verte:: of the parabola is {-^f • and it pens 



downv/ard . 
largest i. 



.^ence, the value of n which makes 

9 
2' 



(9 - n) 



9 9 
The numbers are and 

- lOn 4- 175 = (n^ - lOn 4- 25) + 150 

= (n - 5)^ + 150 

The vertex -^f the parabola ir. at (5^ 150). 

He should TEsnufacture 5 boats a day; this will result in a 

minimum cost; of $150 per boat. 
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Chapter l6 
Suggested Test Items 
2 

1. Draw a graph of y = x • 

(a) Explain how the graph of y r -x can be obtained 

2 

from the graph of y « x . 

(b) Explain how the graph of y - x^ + 6 can be obtained'^ 

2 

from the graph of y = x . 

2. Put each of the following In standard form and draw Its 
graph • 

(a) - 2x - 3 (d) 2x^ + 4x + 8 

(b) X +6) (e) (2x + l)(2x - 5) 

(c) 6 6c - x^ (f) (x ^ 3)(x + 3) 

3. Solve. 

(a) -f >7c + 4 = 0 (d) x^ - 2V3X + 1 ^ 0. 

(b) hy? ^ :> - 8x (e) x^ • 2x + 2 = 0 

(c) ^ I = 4x (f) x(x + 1) - (x + 1) = x^ + 13 
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T^e polynomial "x - 6x + l6" may never have a value less 
than v/hat positive integer? 

Tv/o successive prime numbers differ by 2 and their product 
is 899 • Find the numbers. 

Each dimension of an 8» by 12 > room is increased the same 
amount. The floor space is increased 22h square feet. 
Find the length and width of the new room. 
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Chapter 17 
FUNCTIONS 



: 17-1. The Function Concept . , 

This chapter treats one of the most important and most basic 

;V Ideas in mathematics - the idea of a function. It is included here 
for those selected classes of better students, as well as exception- 

;;-al individuals, who are able to move ahead fast enough to complete 
the previous material in less than the expected number of lessons. 

A 1^ can find additional discussion of this concept in 

Studies in Mathematics , Voliame III, pages 6.17-6.25. 

In the past it has been customary to postpone a careful study . 
of functions to a much more advanced mathematical setting. Because , 
of this, the subject is surrounded by an aurora of difficulty which 
is completely undeserved. The idea is simple and, as will become 
evident as we proceed, is involved implicitly in our most elementary 
considc ations. In this respect the function concept is in the 
same ca >3gory as the set concept. Incidentally, the set concept is 
another good example of an idea which was involved implicitly in 
many "mathematical situations long before it was finally separated 
out and studied carefully J^i its own right. As yet another illus- 
tration of this phenomenon, we mention the general ACD properties 
of addition and multiplicai:ion which are implicit in all of arith- 

: metic but are not made explicit xantil the "study of algebra. 



Page 512. The completed postage table is 



ounces 


1 


1 

2 


3 
f 


1 






H 


2. 


4 


2i 
^^2 


H 


3 


4 


. • . 


cents 


4 


4 


4 


4 


8 


8 


8 


8 


12 


12 


12 


12 


16 


... 



Answers to Problem Set 17 - la; pages 513-515J 

1. (a) The association is from the set of all positive integers 
t^ all odd positive integers. Since we obviously cannot 
list all odd integers, the lixable can only .^ggest the full 
association. The odd integers associated with 13 and 
1000 are 25 and 1999 respectively. 
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A rule for the association might be stated as *'with each 
positive integer n associate the nth odd positive 
integer." Another way of giving this association is 
"with each positive integer n associate the integer 
2n-l." 

Ihe machine picture can only suggest the full association 
described here. The association in fro£ L f all 

positive real numbers t£ the set of all real numbers 
greater than -1. The machine will give the number 33 
when fed the number _17- It will reject the numbers 0 
and -1 since it is "constructed" to accept only pos- 
itive real numbers- 

Some teachers like to emphasize the machine idea 
much more than v;e have done here. If you are one of 
these, go ahead J The machine can also be used to visu- 
alize all of the algebraic operations. For example, an . 
addition machine might be pictured as follows: 



Notice that this suggests that the operation of addition 
can be regarded as a function which associates with each 
ordered pair of real numbers a real number* 



[pages 515-514] 
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Ihe association here is from the set of all real numbers 
to the set of all real numbers. The association can be • 
represented as follows: 



-r -2 --f -I -1- 0 -f I -1 24-3 



-1 i 1 1 1 


1 








' 


\ 1 1 < 














\ 


\ 












\ 


\ 


-1 — 1 — . — ^ — ^ 


f \ 

1 




f \ 

\ 1 


f \ 
1 ! 


^—=A 1 1 1 





H ^— H 1 1 1 \ 1 p ! 1 1 » ■ 

.6 -5 -4 -3 -2 -I 0 12 3 4 5 20-1 2a 



In order to determine what number is associated with any 
real number a on the upper line, we observe firsit that, 
before the lower line is moved to the right (i.e. if 0 
is directly under O), the number on the lower line dir- 
ectly below a is 2a. This follows immediately from 
the assumption that the unit on the upper line is twice 
the unit on the lower line. Moving the lower number line 
one unit to the right from its original position has the 
effect of subtracting 1 from the original coordinate of 
each ^ point on the lower line. Therefore the number as- 
sociated with a is 2a-l. The nulnber associated with 
-13 is -27, with 13 is 25 and with 1000 is 1999. 

Note : It may not be worth the time that would be 
required to get across to all sliudents the above general 
argument that 2a-l is the number associated with a. 
The main purpose here is not to study this special way of 
setting up an association but rather to emphasize the 
fact that an association can arise in a variety of very 
different ways. 
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Uiis erer 



very important an should be nastered 



complete:, cv^eryone. The assc> . li. un is from the set 



ation In this case. TJie niomber associated with -1 is 
-3, with - •! is -2 and, with 13 is 25. Since the 
y-form of the equation of the line is y = 2x - 1, we 
conclude that the nujnber associated with the -number a. , 
is 2a-l« 

This association is from the set of all real numbers t 
such that -1 <r t 1 to the set of all real numbers y 
such that -3 < y < 1. Associated with ' - f is the nm— 
ber ' - ^« Since l2| > 1, no number is associated with 
2, 

The association is from the set of all negative real num-. 
bers to^ the set of all real numbers y such that 
y < -1. Again the number associated with the negative 
number a is 2a-l« Ttie number associated with -13 
1.S -27. No number is associated with 0. 

The association Is from the set of all real numbers x 
such that X < 1 to the set of all real numbers y such 
that y < -3. Ohe rule is '^To each real number less than 
1 assign the ntmber obtained by multiplying the given , 
number by 2 and then subtracting 5." Tt\e rule assigns 
exactly one number to each number in the first set. 



of all real nuinbe. : to 
the set of all real num- 
bers. Notice that to 
each number a there is 
exactly one number b 
such, that . (a,b)" is a 
point on the line. This 
is what makes it possi- 
ble to set up the associ- 




X 
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(b) The association is from the set of all non~negatlve real 
numbers to the set of all real numbers. The rule is '^To 
each non-negative real number assign numbers whose absol- 
ute values are equal to the given number." The rule 
assigns 0 to 0 and, to each positive number, the 
given number and its opposite. 

(c) Tne association is from the set of all real numbers to 
the set of all real numbers. The rule is *'To each real 
number x assign the number obtained by multiplying the 
given number by 3 and then adding. 7-" The rule assigns 
exactly one number to each real number. 

(d) Tne association is from the set of all integers t£ the 
set of all real numbers. The rule is "To each integer 
assign those real numbers less than the given integer." 
The rule assigns an infinite set of real numbers to each 

■ integer. 

(e) The association is from the set of all non-negative 
rational numbers to the set of all real numbers whose 
squares are rational. The rule is "To each non-negative, 
rational number assign those real numbers whose squares 
are equal to the given rational number." The rule assigns 
0 to 0 and, to each positive rational, its two square 
roots. 

3. To each real number between 0 and 320, associate h times 
the smallest integer which is greater than or equal to the 
given number. 

Tne starting point here might be a machine such as the scales 
v/hich print your weight on a card (along with your fortune). 
A student who has an idea of how such scales might be con- 
structed should be able to suggest the modifications and 
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additions necessary for the purpose suggested here. The idea, 
of course, is to obtain another machine '^picture'* of an inter- 
esting association of numbers. 

The definition of function which we have given is, 
strictly speaking, a definition of real function since we have 
restricted the domain and range to real numbers. In later 
courses, the student will meet more general types of functions 
in which the domain and range can be sets other than sets of ^ 
real numbers. Such a function might, for example, have sets 
of points in the plane as its domain of definition. As an 
illustration, associate with each point (x,y) of the plane 
the abscissa x of the point. In this case the domain is the 
set of all points of tha plane and the range is the set of all 
real numbers. If we associate with each point (x,y) of the 
plane the point (-x,y) the result is a function with both 
domain and range equal to' the set of all points in the plane. 

In the discussion about functions, it is important to 
emphasize at every opportunity the following points: 

(1) To each number in the domain of definition, the^function 
assigns one and only one number from the range. In other 
words we do not have "multiple -valued" functions. How- 
ever, the same number can be assigned to many different 
elements of the domain. 

(2) The essential idea of function is found in the actual 
association from humb'tSrs in the domain to numbers in 
the range and not in the particular v/ay in which the 
association happens to be described. 

(3) Always speak of the association as being from the domain 
to the range. This helps fix the correct idea that we 
are dealing with an ordered pairing of numbers in which 
the number from the domain is mentioned first and the 
assigned number from the range is mentioned second. 
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(4) Not all functions can be represented by. algebraic 
expressions . 

Although the above points are not absolutely vital as 
far as elementary work with functions Is concerned, they become 
of central Importance later. Also, many of the difficulties which 
students have with the Idea of function can be traced to confusion 
on these matters. Therefore It becomes Important to make certain 
that the student understands these points from his very first con- 
tact with the function concept. 

Answers to Problem Set 17-lb; pages 517-519: 

1. All statements In Problem 1, and all In Problem 2 except (b), 
(d), (e) define functions. The statements In 2(b), (d), (e) 
fall to define functions since they associate more than one 
number with some of the nvimbers In the given set of real numbers. 

2. (a) 2x - 5, X < 1 

(b) No single expression 

(c) 3x + 7* X any real number 

(d) No single expression 

(e) No single expression 

3. (a) Domain of definition is the set (1,2,3,4,5.6,7,8,9,10). 



(l) Number of the day 



Income for the 
day (dollars) 



2 



3 



0 



8 



-3 



10 



(ll) The function cannot be described by a simple 

algebraic expression In x. However It can be de- 
,^ scribed by a polynomial of sufficiently high degree. 
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The domain of definition is the set of all positive 
integers and the range is the set {0,1,2,3,4). 



Positive integer 


1 


2 


3 


h 


5 


6 


7 


8 


9 


10 


11 


• • • 


Remainder after 
division by 5 


1 


2 


3 


4 


0 


1 


C 


3 


4 


0 


1 


• • • 



(ii) The function cannoc. be represented by a simple 

algebraic expression, but we can do the following: 
V/ith each positive integer n, associate 

0, if n = 5k, k any positive integer, 

1, if n = 5k + 1, k any positive integer, 
. 2, if n = 5k + 2, k any positive integer, 

3, if n = 5k + 3, k any positive integer, 
k, if n = 5k + 4, k any positive integer. 
The domain of definition is the set of all positive 



real numbers. 



(i) positive real 
number a 


1 
2 


1 




2 
3 


2 


3 


4 


... 


^(a + 2) 


5 
S 


1 




8 
9 






2 


. '* « 



(ii) To each positive real number a associate the 
number ^(a -f 2) . 

The domain of definition is the set of all positive 
integers. 



positive in- 
teger n 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


• • , 


th 

n prime 


2 


3 


5 


7 


11 


13 


17 


19 


23 


29 


• . • 



(ii) No function is known whose domain of definition is 
the positive integers, whose range is a set of 
primes, and whose rule is an algebraic expression, 
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(e) Domain of definition is the set of all positive integers 
from 1 to 365 inclusive. The range is all non- 
negative integers from 0 to 364. 



number 
of day- 


1 


2 


3 


4 


• • • 


360 


361 


362 


363 


364 


365 


days re- 
maining 
in year 


364 


363 


362 


361 


• • • 


5 


4 


3 


2 


1 


0 



t h 

(il) To the n day associate 365-n. 

(f ) Domain is the set of all positive integers less than or 
equal to the number of dollars iftrhich you possess. 



(1) number of 
dollars 
Invested 


1 


2 


3 


• • • 


20. 


. * * * 


100 


• • • 


interest 
at 6 % 


0.06 


0.12 


0.18 


• • • 


1.20 


• • • 


6.00 


. • * 



(ii) If P is the number of dollars invested, 
associate 0,06P. 

(g) Domain is the set of all positive real numbers. 



(i) diameter in inches 


1 
¥ 


1 
IT 


1 

2 


2 

IT 




2 


circumference in 
inches 


IT 


1 


IT 
■5 


2 


J2.-W 


2t 



(ii) If d is the diameter, the circumference- is ird. 

(h) Domain is the set of all real numbers. 
First position: 
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Second position: 
-3 -J -I 0 




(i) 



(11) 



real number a 


-2 


-1 


0 


1 
2 


1 


2. 


10 


• • • 


number associa- 
ted with a . 


3 


2 


1 


1 
2 


0 


-1 


-9 


« • • 



Let a be any real number on the upper line. After 
the lower line is moved so that its point 0 Is 
directly under the point 1 of the upper line, the 
point on the lower line directly under a is 
a - 1. When the lower line is rotated about 0, the 
number a - 1 is replaced by its opposite, -(a - l) 
or 1 " a. Therefore the resulting association can 
be stated as follows : 

To each real number a, associate the number 
1 a. 



h . The doms 

positive 
integer n 


tin 

2 


is 
3 


th 


e s 
5 


et 
6 


of 
7 


all 
3 


po 
9 


siti 
10 


ve ii 
11 


iteg 
12 


ers 
13 


grea 
14 


ter 
15 


than 1, 

• • • 

• • • 


smallest 


2 


3 


2 


5 


2 


7 


2 


3 


2 


11 


2 


13 


2 


3 



greater 
than 1 



The prime niombers are associated with themselves. The range 
is the set of all primes. 
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This function is similar to the example discussed at the 
beginning of the chapter. The domain is all real numbers 
between 0 and j2 and the range is all integers from 1 
to o2. The function cannot be represented by an algebraic 
expression in one variable. The numbers assigned to J. 7 
and 5 are 4 and 5> respectively. 

The verbal description is the only method we can give now for 
representing this function. The numbers assigned to -tt, 

"I' °' I 

1, 1 and -1, respectively. 

Notice that — 5- gives a real number for every value of x 
different from -2. Since we only have square roots of non- 
negative real numbers, -/x + 2 is meaningful only for 
X + 2 ^ 0 or X -2. 

(a) All real numbers except 3. 

(b) All real numbers greater than or equal to 1. 

(c) All real numbers except 0. 

(d) All real numbers. 

2 

(e) All real numbers x such that x ^1. This is the same 
as the set of all real numbers x such that either 
x^lor x_^-l. 

(f) All real numbers except 2 and -2. 

Notice t.hat if the perimeter of a rectangle is equal to 

10 ft. then the length of a side must be less than 5 ft. 

(a) The domain of definition here is the set of all positive 
integers between 0 and the number of dollars which you 
possess. (Some might want to think of borrowing as 
negative Investment, in which case the domain would 
include negative integers depending on your credit.) 
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ne domain. 



real numbers. 



(b) Sirrce the area of a triangle is equal tc one -half the 
bEzs X times the altitude a, we must have 

= 12 or a ^ — . In 'ZiMs osjr.e the c?=:s^ t^ian havs 
arj- l.eng:::h whatso'^-'>' -'^^ e^^-ec-t 0. Therefore 
ii. ~ L --t of all pc,'3i7^ 

(c) QJ ' om of the box 
h:. jnsions 8~2x 
uy ix. Hence the 
voiuriin> is given 
by 

3-2x)(l0-2x)x 



or 



X 

X 


! 


X 

I X 






1 


X 

X 




X 
X 



rx(4-x)(5-x) . 



V 

10-2 X 



,S-2X 



Obviously the square 
v/hich is removed must 

have its side less than so that 0 < x < 4. In 

other words the domain of definition Is the set of all 
real numbers betv/een 0 and 4. - 



17-2. The Function Notation 

The function notation must be handled with great care. In the 
beginning one can not do too many examples and exercises of the 
type, "V/hat is the value of f at 2?" or "V/hat number is repre- 
sented by f(2)?" Check the students on this at every opportunity. 
It Is essential for* everyone to understand that the symbol '»f "/ 
when used for a function , stands for the complete function and not 
just for the rule or some special way of representing the function . 
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cresslon "the 
esslon '^the 
-Lch is the value 



Notice tha-. we h^r.: a volcj^:' aslng trie nilsleadln[: 
function r(x)'' ' ibs :ute for the correct • 
function f". 1: , ti- v vicg:._^, is a number 

of f at X, ' ne^ r'ui^* '^^ion itself. 

If tv;o variat- ' x nd y are related by t: a sentence 
y = f(x), v/here in iven function, then x is sometimes 

called the indepen^£^:t -^^-u'icble and y the dependent variable in 



the relation. Thi • 
avoided here since 
such as 'V is a fv. 
function concept. 

For the funct^ 

f (x) = 2z 
11 



-OSy^ v/hicih is used by many, has been 
SO easily abused. It leads to expressions 



X 



which tend to otiscure the 



f cii::fined by the rule, 

Tjr each real number x. 



f(-t) = -2t - 1, 
2t - 3, f(t) - 1 = 



i) = -2 



^ , f(s) = 23-1 , 

t) - -2t + 1, f (t - 1) = 2(t - 1) - 1 = 

7 - 1) -1 = 2t - 2. 

For the functloa g defined on page 521, the range Is 
the set {-1,0,1}. a:.sOj g(-3.-2) - -1, g(0) = 0, g( -|) = -1, 

g(^/2■) =1. If a > C. s(a) = 1 and g(-a) = -1. If a 0, 

g(ia|) =1. The rule Zor g cannot be given by a simple algebraic 
expression In one vaa^lable. 



Ansv/ers to Problem Set 
1. (a) F(-2) = 3 

(b) -F(2) = -1 

(c) F(- \) = \ 

(d) F(l)-1 = \ 



-2 ; pages 521-524: 

:) F(0) = 2 

(!•) |F(-6)| = 5 

(g) F(|-6|) = -1 

(h) F(t) = 2-| 



(i) F(^) = 2 * 



(j) 
(k) 



■2' 
F(2t) 

F(i) ^ 



IT 
2-t 

" 2t 
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2. The diomain of definition of G is all real niicxc^^^rt^ and tirie 
rang2. is all non-negative real numbers. 

(a). G(0) = 0 (b) G(a) - G(-a) = 0 (r. ) = 1 

d. The function h is identical with the functioi- defined 
In S5.ction 17-2. Be sure that the students u: terstand why 
h = Emphasize again that the function is ir..iei^^3:Bdent of 
the particular method of describing it or the syrr jr^is used to 
represent it. 

if. If X < 0 , then |x| = -x , so that -j—r = -1- 



If X > 0 , then |x| = x , so that = 1, 

Therefore 

' -1 , X < 0 



k(x) = < 



0 , X = 0 

1 , X < 0 



and hence k = g. 

5. (a) H(2) = 3 (b) H(|) =-| (c) H(-i)=-| 

(d) -H(-2) = -3 (e) H(-l) +1-1 (f) H(3) is not defined 

(g) H(a) = a^- 1, for -3 < a < 3. 

(h) H(t-l) = t^ - 2t, for < t < Notice that, 

if -2 < t < 4 , then -3 < t-1 < 3, 

so that H(t-l) is defined (i.e. t-1 is in the domain of 
definition of H.) 

(i) E{t) - 1 = t^ - 2 , for -3 < t < 3. 

6. (a) Th;e domain of definition of Q is the set of alX real 

numbers x such that -1 ^ x < 0 or 0 < x ^ 2, i.e. 
all nimbers betv/een -1 and 2, except 0 smd. 
Including -1 and 2, 
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rhe range of Q cons- -3 of rthe number -1 along v;."^.th 
ail X such that 0 ^ ^ 2. 

'-(-I) = -1, Q(.|)= -1, q^{z] ■-s not defined, 
'{|) Q(|) - (tt) i- n-.t defined. 

R Ir "7he same function as ( See Problsm 3 abo-^.^.) 

All X such that i[ <- x. 
[5} 

All X such that x < 0. 

All X such that 2 ^ x. 



(-1> 1} 



-f \ f- 



-I 0 I 



-9 1 1 1 h 



(0, 2} 



All X such that -1 x 1. 



^ « h 



\ 0 I 



«3 



-! j 1 ^- 



/Jll X such that either 
r < -3 or X > 1. 



3^21 
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9^ (a) ISrxe rjomaln of deflBition of f is the set of all real . 
3uiin^srs, and the donajLn of definition of P is the 
SHt of all real numbe-TL different from -2. Therefore ■ 
f 4 ^ - However, siJia^ • ■ 

^ ; I - X - 2, if X 4 -2, 

. we ha"c _ 

f(x) - P(x), for all X 4 -2. 

(b) Ix, both cases the dmrra^n of definition is the set of all 
irsal numbers. Since ^ 

= t^ - 1 for all real 

t"^ + 1 

nunrners t,. it follows -i:hat g = 



17-3. Graphs of P_unction3 

The graph of a function gives us a quick way to picture cer- 
l;ELln propsrtlas of the runction.. In most cases we are primarily 
interested in the "shape" of the graph rather than in the precise 
locaticr. of liidivicnsl points, although there may be certain key 
pointe utfhich :i2&ed -trt be locatsd carefully and doubt about the shape 
of a -pxrrtion of the graph ca^ni frequently be resolved by locating a 
f ew J::infXciously chcnsen pc-zTr::^:, Other kinds of infonrdiAion can also 
be ha:Lgajil in detenniiiniru^ .-xs£ general shas^e of a grajila.. For. ex- 
sasple., vda-xout locaztlng: :£riy .i^D±ixts whatsoever, we know that the: 
gnsph cxf: 2r = 3x^ -i- X must :ae above the :iine y = 1 'since , 

X 3£2Er all Also, since 0 < a < b implies 0 < a / <:; b; 

kmi5cr:tS3st the grajyfe of: y =-3x^ -+ .1 rises to the right. ;It 
must i;^ :±sn23essBa cca tae ^^todessr that the objective In drav/ing a 
graph: J3:.iCT±; simpler "to loca^te a. lot of points but rathei* to . dis- 
cover- tsssf :siiape /Gdu ti]^ graph "tgr any methods which can be applied;. ; 
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Ttie location of certain carefullT chosen points of the graph is one 
of the methods. 

Example 1> The graphs of the Ilunction f defined by: 

f (X) = 2X - 1; 0 _ X < S^- 

and the function F define:, br: 

F(x) = 2x - 1 -Z c X < 2 

are diffeiirent since the first gr^ph is the line segment joining the 
points (D, -1) and (2, 3) witn the first paint incliuied and the 
second excluded and the second g::ziph is the line-segmena; Joining 
the point:3 (-2, -5) and (2, 3) v/lih both end-points excluded. 

Answers to Problem Set 17 -Za. s p ai^sa 525-526c 
1. (a) 



1 




1 
1 


y 










1 

1 




















y= 


Tfc 
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(b) 

_ 1 1 I t 
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y= 
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\2. (a) Domain: all s such that -1 ^ s* 2. Range : all y 

2 5 
such that "J y ^ "J • ■ 

(b) Domain: all x such that -3 x 3. Range: all y 

such that 0 ^ y ^ 3. 
^{c) Domain: all x such that -3 x < 3. Range: all y 

such that 0 y 3. 

(d) Domain: all t such that -2 < t ^ 1. Range r* all y 
such that -1 y < 3. 

(e) Domain: all non-zero real numbers. Range: (-1, l}. 
(:f) Same function as in-(e). 
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Domain : 



Range : 



f(x) = 



all X such that 
- -1 ^ X < 2. 

all y such that 

-X, -1 X ^ 0 
ix, 0 < X < 2. 
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' I. - 
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.6. There are many functions which satisfy all of these conditions. 
One example Is: 
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For any number a in the domain of definition of a 
function f , there is exactly one point on the graph of the 
function with abscissa a, viz. (a, f (a)). Therefore the vertical 
■line X = a will intersect the graph of f in exactly one point, 
viz. (a,f(a)). If a is not in the domain of definition of f, 
then the line x = a will not intersect the graph of f at all . 
The rule for f can be stated as follows: "To each real number 
a in the domain of definition, assign that real number b such 
that (a,b) is a point on the graph." 

Answers to Problem Set 17-3b; pages 527-529: 

1. Each of the graphs (a) - (A), whether or not it is the graph 
of a function, determines a set consisting of all those real 
numbers a such that there is at least one point..on the graph 
with abscissa equal to a. If the graph happens to be the 
graph of a function, then this set is the domain of definition 
of the function. Now, for each ni;unbei" a in this "domain", 
we associate all of those real numbers b such that (a,b) . 
is on the graph. This association will be a function if and 
only if there is exactly one such ni;miber b for each a. 
This is the situation in cases (a), (e), (h) and (i), so that 
these are graphs of functions. On the other hand, in the 
remaining cases, there are values of a to which several dif- 
ferent values of b are associated, so that these are not 
graphs of functions. 

Most of the students obviously will be unable to discuss 
this exercise as precisely as we have done above . .However, 
most of them should be able to get the idea. Acceptable an- 
swers in the cases (e) and (f) might run somewhat as follows: 
"(e) is the graph of a function because there is only one 
point on the graph directly above any point on the x-axis and, 
therefore, the graph can be used to define an association for 
a function as was done, in Problem l(d) of Problem Set 17-la. 
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Also, (f ) is nat t±iB graph of a function becituse directly 
above some points on, the x-axis there are two points on the 
graph, so that the graph cannot be used to define a function." 

In gG±ng over these problems, try to get the students to 
state expJ^Ilcixly vihs^z the domain of definition is and how the 
rule might be TormiaiHted in those cases which are graphs of 
functions.. Problems 2, 3, and k are intended to lead up to 
the gener'al- criterion for a graph to be the graph of a 
function^ 

(a) h(-3) IDais can be estimated roughly as 1.7- 
h(0) = h(2) ^ «2. 

(b) The se:t af all x such that -^1-^x^3. 

(c) The set^ (=2* all y such that -3 ^ y ^ 2. 

(a) For ^ iin the domain of definition of g there will be 
one S2xf: iortty one point (x,y) on the graph G. The num- 
ber:* -i:s equal to the ordinate y of the point 
(x,jri ^ t±ie graph . 

(b) Ihe doinain ol! definition of g is the set of all real 
nunrbexs x such that there exists a point on G with 
abscissa equal to x. 

(c) To show i±Lat "if (a,b) 4 (c,d) then a 4 c," we may 
provre tte c ontr apo sit i ve of this statement, namely, 
"if a = c, then (a,b) = (c,d)". 

33ius, ±f a = c and if the points (a,b) and 

(c,d) sre on the graph of g, then b = g(a) and 

d = S:{c}- oince g is a function, there is exactly one 
va.1.1^ g(a). Hence, if a = c, then g(a) = g(c). It 

folliow^s that b = d, and (a,b) .= (c,d). This completes 
the saroof • 
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Ihls problem is the basis for the "ordered pair" definition of 
function which the student will eventually encounter if he 
continues in matheJnatics. In the "ordered pair" definition, 
the function is identified with its graphs i.e. a set of 
ordered pairs^ and so the definition consists in specifying 
which sets of ordered pairs are wanted • 

In order to show that the set of points G which satis- 
fies the given condition is the graph of a function we need to 
exhibit the domain of definition and the rule for a function 
g so' that G is the graph of g. Take the domain of defini- 
tion as the set of all real numbers x such that there exists 
y for which the point (x^y) belongs to Q. Notice that^ by 
the condition on G, there is for each such x exactly one 
number y such that . (x,y) belongs to G. Therefore, if we 
define g(x) = y for each x in the domain^ the result is a 
function g whose graph is G. 

This is not the graph of a function. 
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17-^. Linear Funotlons 

Any line (or portion of a line) Is the graph of a linear 
function with the exception of vertical lines. If a line Is not 
vertical. Its equation can be put Into the y-form: y = + B» 
Thus every linear function can be represented by a linear expres- 
sion. In other words. If f Is a linear function, then there 
exist real numbers A and B such that f (x) = Ax + B for* 
every x In the domain of deflnl^tlon of f . 

Answers to Problem Set 17-^; pages 529-530: 

1. (a) The graph Is a horizontal line, y = B. 

(b) The graph Is the x-axls.^ 

(c) Since the points (-3,0) and (1,2) are on the graph, we 
must have 



{ 



0 = A-(-3) + B 
2 = A«l + B 



This Is a system of equations In the unknov;ns A and B. 
The solution Is A = -| and B = The problem can also 
be solved by obtaining the equation of the line de- 
termined by the points (-3,0), (1,2) and then writing It 
In the y-f orm. 

(d) The domain of definition Is the set of all real numbers 
X such that -3 x ^ 1. 

(e) / 1 = A.(-l) + B 
I 3 = A*3 + B 

1 T. 3 



Solving for A and B, we obtain A = ^ and B « 
Again, we could obtain A and B by writing the equa- 
tion of the line determined by the points (-1,1), (3,3) 
In the y-form. Note that this Ig the same line but a 
different function from that In (c). 
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(f ) The slope is ^ and the y-lntercept number Is 

(g) The domain of definition Is the set of all real x such 
that -1 < X < 3, 

The equation of the line L Is x+2y+l=0. When y = 2, 





X = 


-5 and, when y 
h(x) = -l-x - 1* 


= -2, X = 3. 
-5 < X < 3. 


Therefore 


3. 


(a) 


linear 


►(d) 


not linear 




(b) 


not linear 


(e) 


linear 




(c) 


not linear 


(f) 


not linear 




(a) 


g(x) = -f(x) 


(d) 


g(x) = f(Ix|) 




(b) 


g(x) = |f(x)| 


(e) 


g(x) = f (-x) 




(c) 


g(x) = ^ 


(f) 


S(x) = f (x2) 



(a) 



The graph of g Is obtained by rotating the graph of f 
one-half revolution about the x-axls. 



(a) 



(e) 
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(e) The graph of g is obtained by rotating the graph of 
f one-half revolution about the y-axls. 
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6. The graph of the equation - P(x)) (y - G(x)) = 0 is 

the set of all points on either the graph of P or the graph 
of G: . 



Answers to Problem Set 17 -5a; Pages 532-534: 
1. (a) f (-2) = -11; f(-i)=-i9l; f(0) = -21; f(|) = 



■22- 



11 



2 ■ • 
f (3) = -21; f (a) = a^ - 3a -21; f (|) = ^ - ^ -21; 

f(a + 1) = (a + 1)^ - 3(a + 1) - 21 = a^ - a - 23. 

(b) g(-2) =10; g( - i) = -i^j g(o) =. -2; g(3) is undefined. 
(Note that the domain of g(x) is -3 < x < 3.) 

g(2t - 1) = 3(2t - 1)2 _ 2 = 12t^ - 12t + 1 for 

-1 < t < 2. (Note: -3 < x < 3, hence -3 < 2t -1 < 3 

or -1 < t < 2,) 

(c) f(x) = x^ - 3x-'- 21 = (x - |)2 

= (._(3 ^)) (..(3,^))^o 



(d) 



Hence . is the truth set, 



-a— 



(e) f(t) + g(t) = kt^ - 3t - 23. Note that if one function 
is defined for all real numbers and the other function 
is defined for -3 < t < 3, then the sum of the two 
functions is defined for -3 < t < 3, 
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(f) f(a) + 3 = - 3a - l8; f(a + 3) = (a + 3)2 - 3(a > 3) 
- 21 = a^ + 3a - 21; 3f(a) - 3a^ - 9a - 63j 

f(3a) - (3a)^ - 3(3a) - 21 =. 9a^ - 9a « 21. 

(g) All in part (f) are quadratic polynomials. 

(h) f(t)s(t) - (t^ - 3t - 21) (3t^ - 2) 

= 3t^ - 9t^ - 65t^ + 6t + 42 
, Note that as in case (e) the product of the /two functions 
is defined for -3<t<3. 

(i) The result in (e) is a quadratic polynomial and in (h) . 
the polynomial is not quadratic. 

(a) A = -^b (b + 10) is a quadratic pol^ .inialj domain (of 
definition): every positive real number. 

(b) If the smaller number is denoted by s, then the larger 
number is 120-2s, and the product P = s(l20 - 2s) is 
a quadratic polynomial in s. Since both numbers are 
positive, the domain is the set of real numbers s such 
that 0 < s < 40. Note that this restriction of the 
domain is necessary because of the condition that s is 
the smaller of the two numbers. 

(c) If L is the length of the side parallel to the wall, 
then the length of the side perpendicular to the wall is 
i(l20 - L) , and the area A of the rectangular pen is: 
A = i-L(l20 - L) . The area is a quadratic polynomial in 
L; the domain (of definition) is the set of real num- 
bers L such that 0 <; L < 120. 
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V/e know that the product of two positi:tre or two negative . 
r^eal numbers is posi:::±ve . Since x = x • it follows that 
i:^ Is a product of xrno positive numbers if x > 0, or of 
negative numbers, if x < 0, that is x > 0 for any 
real number x 0. We know further Chat if ab 0/ where ; 
a and b are real numbers, then at least one of them is 
zero. Since x"" = x-x = 0, it follows that x = 0. Con- 
versely, if X = 0, then x^ = x-x =0*0 = 0. Since points 
with positive ordinates are above the x-axis. It follows that 
the graph of y = x^^ has positive ordinates for all x / 0 
and a single point (0,0), for. x. = 0, lies on the x-axis. 

2 

Note that by the graph of the function y = x we mean 
the graph of the open sentence y = x . If (a,b) is a point 
on the graph, then b = a^ is true. Since b = (-a)^ = a , 
it follows that the open sentence is also true for the ordered 
pair (-a,b) ; in oth^er words, (-a,b) is also on the graph. 
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6. If -X is positive, multiplication of the members of 

"x < 1*' by X yields x < x. IT, .for the same value of 

■p 

x, the ordinate of y = x is denoted by y-^ and the 
ordinate of y x by y^,, then for 0 < x < 1 we have 
y-j^ < y^. In other v;ords, the graph of y = x lies below the. 
graph of y = X. 

2 

7. Here, asnin Problem 6, we obtain x < x and yg < 
Hen-^re, for x > 1, the graph of y = x^ lies above the line y 
y = X. 

3. Multiplication or the members of "a < b" by a and b 

2 2 
y±elds a < ab and ab < b , respectively. Hence, by the . 

2 2 

transitive property of order we obtain a < b . 

2 2 
If we denote ^ ~ ^ then by the above 

pzTDperty for b > a vse obtain y^ > y^ for all b > a > 0. 

Henae it follows that the graph of y = x^ riSHS steadily asV 

we move from 0 to the right. 

9. The horizontal line y = a where a ^ 0 (since the,. . . . ' 
graph of y = x^ is above the x-axis, a cannot be negative)- 

and the graph of. y = x^ have equal ordinates at the points * 

2 ' ' ■ <■■• 

of intersection. Therefore, x = a. 

Since x^ - a = (x - y^)(x + V^), x^ - a = 0 has the truth 
set Cya", - a ^ 0 and the truth set (o) for 

a = 0, it follows that there can be at most ^ two points of 
Intersection. 

10. Since the slope of a line containing the points (a,b) 

and (c,d) is v " ( c a), we obtain easily for the 
c» a o 

P a 0 

points (0,0) and (a,a ) the slope ^ 3 Q ^ ^' Hence/ we 

conclude that the slope or the line containing (0,0) and 

(a, a ) approaches 0 as a approaches 0. But a line 

passing through (0,0) with a slope close to zero apparently . 
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' approaches the x-axls^ which touches the parabola at (0,0)... 
If we note that the segment of the line between (0,0) and 
(a,a ), for a elose to 0, nearly coincides with the arc 
of the parabola, it Is plausible that the graph must be flat 
near the origin. 

Answers to Problem Set 17-5b ; pages 535-536: 

1. (a) The smaller the value of a, the flatter the graph of 

2 

y = ax , and for a = 0 It degenerates Into the x-axls. 

All parabolas for 0 < a < 1 are between the x - axis 

2 

and the parabola y = x . 

2 

(b) For a > 1 the parabolas y = ax are Inside the 
parabola y = x^. 

(c) The graph of y = ax Is between the x-axls and the 

2 

parabola y = -x If -1< a < 0. 

2 

(d) The graph of y = ax Is Inside the parabola 

2 

y = ~x If a < -1. 

2 

(e) The graph of y = ax Is very close to the y-axls for 
|a I very large . 

2 2 

2. The graphs of y = x + k and y = x differ only in loca- 
tion. The graph y = x^ + k lies [kl units upward if 

k > 0 and |k| units downward if k < 0. 
2 p 

3. y = (x - h) and y = x differ only in location; namely, 
y = (x - h)^ is |h| units to the right of y = x^ If 

h > 0, and |h| units to the left if h < 0. 

4. (a) y = (x + l)^ has exactly the shape of y = x^, and is 

located one unit to left of it. 

(b) y = ~3x^ is inside the parabola y = -x^, closer to the 
y-axis. 
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(c) y -iz - 3 has exactly the shape of the paranDla ./ 

. y = X , and is located b units dovmward, , • 

(d) y = -(x - l) has exactly the shape of the jsrabola ^ v > 
y = -X and is one unit to the right of it. 

P 2 • '''^ ■ • 

(e) y = 2(x - 2) has exactly the shape of y = 2x- which ■ 

is inside of y = x^, and is 2 units to the :right of : 

y = 2x^- 

(f) y = (x.+ l)^ + 1 has exactly the shape of t:i^ parabola - 
y = x^, and is located one unit to the left rajid one unit 
upward from y = x^, 

(g) y = 2(x - l) - 1 has exactly the shape of y = 2x*^, 
and is one unit to the right and one unit doxmward from, 
y = 2x^. 

P 2 

(h) y = -2(x + l) - 1 has exactly the shape of y = -2x 

which is inside y = -x^ and located one unit t;o the 

2 

left and one unit doi^msard fr^son ume parabola y « -2x 

The graph y = a(x - h) + k can be obtained ,by moving 
the graph y = ax^ in the posi-tive direction of tire, x-axls ; 
|h| units^ if h > 0, and in the nega,tive directl'on C2f the 
X-axis if h < 0, and units: upward if k > 0, and |k| 

units downward^ if k < 'O^ The vertexrand the equation of the 
axis of the parabola are (h, k) and x =^ h, respectively. 
2 

X = a(y - l) - 1. Since a is arbitrary, there are 
infinitely many such parabolas. 
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iil^iswers to Problem Set 17-6; pages 538-539: 
(a) y = - 6x + 10 = (x - 3)^ + 1 
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(b) y = kx^ + - 9 = 4,(x + h - 10 
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•■2, (a) no points. 
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2 . " ( c) i y^' 

0) and ( -V^,0) 



-1 + "n/io /-I - '/io^\ 



c 

it) \i ^ ^ 0) and (:^^^|^,0) " '/.ii 



(e) (-f>0) •■• >(1 



2 2 * 



3. Ax + Bx + C = A(x^ + -^x + -4y) + C - / Ayo 

■ • ■ ■ . - : v:'» 

= + Bx2 ■ 4AC - B^ ,,-. -AfS 

■ ■ ■ ■ ■ 'I'-'S 

= a(x - b)^ + k, 

where a = A, h = - A , k = ^ „ 
*4. (a) a(x - h)*- + k = ax^ - 2ahx + (ah^ + k) = 3x^ - 7x + 5 .4 

If a = 3, -2ah = -7, ah^ + k = 5, then '\JM 

a = 3 implies that -2(3)h = -7 j i.e . h Xj. \ 'M 



a = 3 and h implies that (3)(^) + k = 5^ i.e. 



Hence, 3x^ - 7x + 5 = 3(x -^)^ + i|. 
(b) ax^ - 2ahx + (ah^ + k) = 5x^ - 3x + || 



I. \H.i 



If a = 5, -2ah = -3, ah^ + k = -i^ , then ' ■ 

— , 3 1 ■ -itj 

a = 5, h ^, h = ^. , ^^-.i 

Hence, _ 3x + || = 5(x - + i , 
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2 2 2 

(c)"^' ax - 2ahx -i- (ah k) = Ax + Bx -i- C, for every real 

number x. This is possible if 

2 

a ^ A, -2ah = B, and ah -i k = C. 

If a - A, then the sentence "-2ah ~ B" is equivalent 
to "-2Ah = B, " that is, h = Also, if a = A and 

h , then "ah + k C" is equivalent to 

••A.^-l k = C," that is, k^C-^-MC^f^. 



Answers to Problem Set 17-7 ; pages 544-545: 
1. (a) not factorable 

(b) 6x^ - X - 12 = {ox -1- 4)(2x - o) 

In this case, completion; of the square would result 
in the,. same factors, but v/e should first try to find 
factors over the integers by the methods of Chapter 12. 

(c) i -h 4x + o = |(x2 + 8x + 12) 

= |(x -, 6)(x + 2) 

(d) 4y2 -i 2y H- ^ = (2y + |)2 

(e) not factorable 

(f ) 2 - 2z - - 3 - (z 4 l)^ = (^/T -1- z + l)(yj - z - 1) . 

(g) 1 - 5x^ = (1 -a/5^)(1 + v^). 

(h) not factorable. 

(i) 5v2 - 5v - ^ =. 5(v - i)2 - 4 

= (v^(v - ^) + 2)(v^(v - |) - 2). 
• (J,) x2 -I- (a + b)x -1- ab (x -i - (^)2 . (x + a)(x + bV 
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(b) ^ 4 - X - 3x2,..- (l^ + 3x)(i - x) = 0. (- I , 13. 

(c) ^. 

(d) 32 - s - I = (s - |)2 - I Ms - I -^)(s - I = 0. 

I 2 2 ^ 

(e) ^t^ + |t + ^ = ^(4t2 + 4t + 1) = i(2t + if = 0. (- J) 

(f ) + 2y - 3-= i(y + 3)^ - 6 = | ((y + 3)^ - is) 

= i(y + 3 +yi8)(y + 3 -^/l8) = 0. 

(-3 - 3^2", -3 + 3-/2). 

(s) Hi. 

(h) 3n^ - 7n = n(3n - 7) = 0. (O, J). 

3. (a) From the fact that 

a(x - h)2 + k = a ^(x - h)^ + f )' a / 0 

it follows that it is factorable if ^ < 0. 

a. 

(b) If — = -p^ where P = ni and n are integers, then 

a n 

a(x - h)^ + k = a((x - h)^ - p^)= a(x - h - p)(x - h + p) 
= ~2 - h) - ^n(x - h) + where m, n, h are 

integers with a possible exception of the constant factor 

If n = 1, that is, p an integer, then ^ is 
also an integer. Hence, if — ^ is a perfect square of 
an integer, the above polynomial is perfectly factorable 
over the integers. 

(c) If ^ < 0' ^ °' °^ a > ° tmAth set of 
a(x - h)"^ + k contains two, one, or no real numbers, 
respectively. 
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(a) If the length of its longer side is x inches, then the 
length of the shorter side is (6 - x) inches. Thus 

x(6 - x) = 7 or x^ - 6x + 7 = 0 

x^ - 6x + 7 = - 2 = (x - 3 -72) (x - 3 +^2) = 0. 

Hence, x = o ±^2'. The rectangle is (34v/2) inches wide • 

(b) If one side is x inches, then the second side is 

(x - 1) inches and the hypotenuse is x + 2. By the 
Pythagorean Theorem v/e have 

-H (x - 1)^ = (x + 2)^ or x^ - 6x - 3 = 0 

x^ - 6x - 3 = (x - 3)^ - 12 ■ 

= (x - 3 -vT2)(x - 3 +-/12) =0. 

Hence x = 3 + a/^^. The required side is 3+2v/^inches long. 

(c) If one niomber Is x, then the second is 5 - x, and the 
product x(5 - x) = 9, or x^ - 5x + 9 = 0. Since the 
truth set of x^ - 5x + 9 = (x - -|)^ + = 0 contains 
no real numbers, the problem has no solution. 

5. In Problem 3 in Problem Set 17 - 6 we obtained the relation 

(a) Ax^ + BK >h C = A(x + - 

- A(x + jf^^ 

(b) H' - 4AC < 0, then (x + A)2 ^ B^^-^^^AC ^ ^. 

The parabola y = A:c^ + Bx + C is above or below the , 

X-axis (above for A > 0 and belov/ for A < O), that is, 
2 

Ax + Bx + C = 0 has no solution. 
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(c) If - = 0, then y = Ax^ 4- Bx 4- C = A(x 4- , 

and the parabola is above or below the x-axis and touches 
the X-axis at ("■^^O)^ that is. Ax 4- Bx 4- C 4- 0 has 



(d) 



-B 

one solution x = 



If - 4AC > 0, ^ then A ^(x + ^) - ^--^^ = 

V B , Vb^ - 4AC \^„ ^ B Vb^ - 4AC \ ^ 
A(x + ^ + 2A ) + 2A 5S ) = ° 

has the solution set 

J -B +'VB^ - 4AC -B -V b^ w 4AC 
] 5a Si ~ 

This is the familiar quadratic formula which is often 
stated without proof. It is given here only as a 
generalization of the technique of factoring a quadratic 
polynomial by completing the square. Do not ask students 
to memorize a formula. The important point Is that every 
quadratic polynomial can be factored, and, therefore, 
every quadratic equation can be solved. 



Chapter 17 
Suggested Test Items 



In each of the following describe (if possible) the fianction 
(i) by a table, (ii) by an expression in x. In each case 
describe the domain of definition and the range. 

(a) To each positive real number assign the sxrni of 2 and 
twice the number. 

v(b) v^Associate with each integer the reciprocal of the 
integer. 
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(c) To each real number assign the ordinate of the point 
on the line with slope 2 and y-intercept number -2 
whose abscissa is the number. 

What is the domain of the function defined by the expression 

-/ 2x - 4 ? What is the range of this function? 

Given the function g defined as follows: 

g(x) = X , for each non-zero real number 

X 

What real numbers are represented by 



Consider the function F defined by 

{2 , -2^ X < 0 
x+2, 0<xS2 

(a) l*iat is the domain of definition of F? 

3 * 1 

(b) What numbers are represented by F(-^), F(p')^ P(0), 



(c) Draw the graph of F* 

(d) VJhat is the truth set of the sentence P(x) = 3? 

Give a rule for the definition of the function whose graph 
is the line extending from (-1,2) to (4,1 ), including 
the endpoints. 

Is every line the graph of a function? If not, give some 
exceptions. 



(a) 
(b) 
(c) 
(d) 




(e) |g(-|)l 

(f) |s(-i) 

(S) S(|) , a > 0 

(h) -g (-a) , a > 0 
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7.. If ' f is the linear function defined by 

f(x) = mx + b, for all real numbers x, 

(a) describe the graph of f If b = 0 and m > 0, 

(b) describe the graph of f If m = 0 and b > 0, 

(c) determine m and b If the graph of f contains the 
points (-2,3) and (3, --2). 

8. Let F and G be defined by: 

F(x) = 3x^ + 2x - 4, -2 < X < 2, , 
2 

G(x) = -X + 2 , -1 < X < 3, 

(aO Determine P(2) - G(l), F(-4) + G(-4), 

(b) Determine F(x) + G(x), -1 < x < 2, 

(c) Determine F(x) G(x) , -1 < x.<r 2. 

(d) V/lth respect to the same set of axes, draw the graphs 
of P and G. 

(e) ' Wiat Is the truth set of the sentence "F(x) = G(x)", 

-1 '< X < 2? 

(f) V/rlte F(x) In standard form and find the vertex and 
the axis of the graph of P. 

(g) Solve the quadratic equation F(x) = 0, -2 < x < 2. 

9. If a quadratic equation Is written In the form 

a(x ~ b)^ + k = 0, 
discuss the values of h and k for which the equation has 

(a) ; two real solutions, 

(b) one real solution, 

(c) no real solution. 

10. The first side of a rectangle is x Inches In length; Its 
other side Is 2 Inches shorter, and the diagonal is ,3. 
Inches longer than the first side.- What Is the value of x? 



